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Chapter 1

Introduction

The decomposition of a topological space into smaller and simpler pieces is useful for under-
standing the space. In 1898, Poul Heegaard introduced the concept of a Heegaard splitting
which is a bisection of a 3-manifold in his thesis [10]. Heegaard diagrams, which describe
Heegaard splittings combinatorially, have been recognized as a powerful tool for classifying
3-manifolds and producing important invariants of 3-manifolds. Handle decomposition, in-
vented by Stephen Smale in [11] in 1962, describes how an n-manifold can be constructed by
successively adding handles. In 2012, Gay and Kirby introduced trisections of 4-manifolda
in [4], which are a four-dimensional analogues of Heegaard splittings in dimension three.
Trisection diagrams give a simple way of understanding and studying 4-dimenisonal spaces.

This thesis is intended to give a friendly introduction to the analogies between the theory
of Heegaard splittings of 3-manifolds and trisections of 4-manifolds. The way we introduce
these two decompositions is based on Gay’s “From Heegaard splittings to trisections; porting
3-dimensional ideas to dimension 4” [5], which is a summary and expansion on a mini-course
given at CIRM in 2018. To develop the slogan “Trisections are to 4-manifolds as Heegaard
splittings are to 3-manifolds”, the author maintains a 2—column format for most definitions
and theorems, with parallel bulleted items for the 4-dimensional setting on the left and the
3—dimensional setting on the right. Instead of following this format, we will first talk about
Heegaard splittings and then discuss trisections. For each kind of decomposition, we will
follow the layout of three ways of thinking about it suggested by [5]: the basic definitions
as decompositions of manifolds, the Morse theoretic perspective and the diagrammatic de-
scriptions. Additionally, we discuss how the algebraic structures are also encoded in the
splittings. We will set up the terminologies carefully, give definitions and statements of basic
results (mostly without proofs), work out some explicit examples suggested as exercises in
[5]. In particular, we will restrict ourselves to decomposing only the smooth, closed, ori-
entable manifolds in this paper. We hope that the limited material we present to our readers
can serve as a launching point for further exploration of the topics.



Chapter 2

Preliminaries

Among all the topological spaces, we will be interested in a special kind—those that resemble
Euclidean space locally. In this chapter, we present selected definitions and results from
topology and algebra that will be applied in the later chapters. The definitions and results
in Section 2.1, unless otherwise specified, are taken from [1] and [7], and those in Section 2.2
are taken from [6] and [7].

2.1 Homotopy

Definitions and results in this section are based on [1].

Definition 2.1.1. A homeomorphism is a continuous function between topological spaces
that has a continuous inverse. A homeomorphism onto its image is called an embedding.

Definition 2.1.2. Let X,Y be spaces. A homotopy is a family of maps f; : X — Y,
t € I = [0,1], such that the associated map F' : X x I — Y given by F(z,t) = fi(x)
is continuous. Two maps fy, f1 : X — Y are homotopic if there exists a homotopy f;
connecting them.

If, additionally, each f; is an embedding, i.e. the restriction f; : X — f;(X) is a homeo-
morphism, then F' is called an isotopy and we say that f; is isotopic to f;.

A special case of the notion of homotopy is the following.

Definition 2.1.3. A deformation retraction of a space X onto a subspace A is a ho-
motopy f; : X — X,t € I =[0,1], such that fo = 1 (the identity map), f1(X) = A, and
ftla = 1 for all t.

Definition 2.1.4. A path is a continuous map f: I =[0,1] — X.
The space X is called path-connected if there is a path joining any two points in X.
A homotopy of paths in X is a family of paths f; : I — X,0 <t <1, such that

1. The endpoints f;(0) = zo and f;(1) = 1 are independent of ¢;

2. The associated map F': [ x [ — X defined by F(s,t) = fi(s) is continuous.



Two paths fp and f; connected in such way by a homotopy f; are said to be homotopic.
The notation for this is fo ~ f.

Definition 2.1.5. A map f: X — Y is called a homotopy equivalence if there is a map
g:Y — X such that fg ~ 1y and gf ~ 1x. The spaces X and Y are said to be homotopy
equivalent or to have the same homotopy type. The notation is X ~ Y.

A space having the homotopy type of a point is called contractible.

The relation of homotopy on paths with fixed endpoints in any space turns out to be an
equivalence relation. We will denote the equivalence class of a path f under the equivalence
relation of homotopy by [f], which will be called the path homotopy class of f.

We will now define an operation on the path homotopy equivalence class.

Definition 2.1.6. Given two paths f, g : I — X such that f(1) = ¢(0), the concatenation
or product path f - g traverses first f and then g. It is defined by the formula

f-g(s)Z{f(28)7 0§s<i

9(25_1)7 %SS_

This product operation respects homotopy classes, i.e.

Lf]- gl =1f -9l

Definition 2.1.7. Paths f : I — X with the same starting and ending point f(0) =
f(1) = zg € X are called loops. The common starting and ending point xg is called the

basepoint. The set of all homotopy classes [f] of loops f : I — X at the basepoint xq is
denoted (X, xp).

Proposition 2.1.8. 7 (X, z¢) is a group with respect to the product [f]-[g] = [f - g], which
is called the fundamental group of X at the basepoint x.

It turns out that, if X is path-connected, the group m (X, zg) is, up to isomorphism,
independent of the choice of basepoint xy. This is recorded in the following proposition.

Proposition 2.1.9. Let X be a path-connected space. Then, for any point xg,x; € X,
7T1(X,ZE1) = 7T1(X, Io).

~

Proposition 2.1.10. A homotopy equivalence p : X — 'Y induces an isomorphism m (X, xq)
m1(Y, p(xg)) for all xy € X.

A very nice tool used to compute fundamental groups is the Seifert-van Kampen theorem.

Theorem 2.1.11 (The Seifert-van Kampen theorem). Let X be the union of path-connected
open sets A, each containing the basepoint xy € X and ing @ m(Aa N Ag) — m(Ay) is the
homomorphism induced by the inclusion A, N Ag — A,. If each intersection A, N Ag is
path-connected, then the homomorphism ® : x,m (As) — m(X) induced by the inclusions
Ay — X is surjective. If in addition each intersection A, N Ag N A, is path-connected, then
the kernel of U is the normal subgroup N generated by all elements of the form iyp(w)ige(w) ™
for w e m(As N Ag), and hence ® induces an isomorphism m (X ) = %,m1(As)/N.

When there are only two sets A, and Ag in the cover of X, the condition on the triple
intersection in Theorem 2.1.11 is superfluous. In this case, given that the double intersection
A, N Ag is path-connected, there is an isomorphism m;(X) = (71 (Aq) * m1(Ag))/N.

5



2.2 Topology

In this section, we will cover the basic concepts of manifolds and their classifications.

Definition 2.2.1 ([2]). A topological space X is a Hausdorff space if for each pair of
distinct points x,y € X there exist open neighborhoods U of x and V' of y that are disjoint.

Definition 2.2.2 ([2]). A topological space X is second countable if its topology has a
countable basis.

An example of a topological space which is both Hausdorff and second countable is R.
For each pair of distinct points x,y € R, there exist disjoint open intervals I, .J such that
x € I and y € J; the collection of open intervals with rational end-points forms a basis.
More generally, R" is second countable and Hausdorff.

Definition 2.2.3 (Topological n-manifold). A topological n-manifold, (or a manifold),
is a second countable Hausdorff space M for which there exists a family of pairs {(M,, ¢o)}
with the following properties:

1. for all o, M,, is an open subset of M and M =, My;
2. ¢, is a homeomorphism from M, to an open subset of R".

A pair (M,, ¢,) is called a chart of M. The family of pairs {(M,, ¢.)} is called an atlas
for M.

The dimension of an n-manifold is n. Two n-manifolds are called equivalent if and
only if they are homeomorphic.

Figure 2.1: A chart of a 2-manifold.[3]

Definition 2.2.4 (Manifolds with boundary). Let H" = {(x1,...,x,) € R” : 27 > 0}. An
n-manifold with boundary is a second countable Hausdorff space M with an atlas such
that, for all a, ¢, there is a homeomorphism from M, to an open subset of R” or H".

The boundary of M, denoted by dM, is the set of all points in M that have a neigh-
borhood homeomorphic to H™ but no neighbourhood homeomorphic to R™. Points not on
the boundary are called interior points.

Definition 2.2.5. A topological space X is said to be compact if every open cover of X
has a finite subcover.



Definition 2.2.6. An n-manifold M is closed if and only if M is compact and M = 0.

Finally, we will define what we mean by gluing two simpler manifolds together to obtain
a more complicated manifold.

Definition 2.2.7 (Gluing). Let X, Y be closed subsets of the same dimension in the bound-
aries of the manifolds A and B respectively. Form the disjoint union AU B. Let ¢ : A — B
be a homeomorphism and define an equivalent relation ~ by x ~ y for x € X and y € Y iff
y = ¢(x). Then, the result of gluing of A along B is the quotient space ALl B/ ~.

2.2.1 Differentiable Manifolds

Definition 2.2.8. A map f : R” — R™ is said to be C? if it has continuous partial derivatives
of order ¢. A map is smooth (or C*) if it has partial derivatives of all orders.

Definition 2.2.9. A C%manifold, for ¢ € [0,0¢], is a topological manifold M with an
atlas such that, for any pair of charts (M,, ¢,), (Mgs, ¢5) in this atlas, the map ¢g o ¢! is
CY where defined.
A C*°-manifold is also called a differentiable manifold, or a smooth manifold.
Given an atlas for a manifold, a map of the form ¢z o ¢!, denoted by ¢z, is called a
transition map.

Figure 2.2: A transition map.[3]

Note that the transition maps (wherever they are defined) are maps going from R” to
R™. Just as we have differentiable maps from R" to R™, we can extend some of the concepts
to manifolds too.



Definition 2.2.10. Let M be a manifold with atlas {(M,, ¢,)} and let N be a manifold
with atlas (Ng,v¢5). A map f: M — N is C?if for all a, 3, the map 15 0 f o ¢, (where
it is defined) is C'?. In particular, a map f : M — N is smooth if for all «, 3, the map
Yo fog,t (where it is defined) is smooth.

Here are a few useful examples of smooth maps.

Example 2.2.11 (Smoothness of a map to a circle). [12] The map F : R — S defined by
F(t) = (cos(t),sin(t)) for all t € R is smooth.

Example 2.2.12 (Smoothness of a projection map). [12] Let M and N be manifolds. The
projection map m : M X N — M defined by 7((p,q)) = p for all p € M and ¢ € N is a
smooth map.

Definition 2.2.13. (Diffeomorphisms) A C%map between C%-manifolds with a C%-inverse
is called a C'%-diffeomorphism. A C*-diffeomorphism is simply called a diffeomorphism.

Example 2.2.14 (Coordinate map). [12] If (M,, ¢,) is a chart on an n-manifold M, then
the coordinate map ¢, : M, — ¢(M,) C R"™ is a smooth map with smooth inverse and
therefore a diffeomorphism.

Definition 2.2.15 (Equivalence of C%-manifolds). Two C%manifolds are considered to be
equivalent if there is a C'%-diffeomorphism between them.

One can extend these notions to the settings of submanifolds, manifolds with boundary,
and submanifold of a manifold with boundary (see [6]).

2.2.2 Orientable Manifolds

Definition 2.2.16. A ("*°-manifold M with boundary is orientable if it has an atlas such
that the Jacobians of all transition maps have positive determinants. If no such atlas exists,
then M is non-orientable. Such an atlas is called an orientation of M, and we often write
(M, ¢o) to denote an oriented manifold.

Let M be a differentiable manifold with two orientations (M, {¢,}) and (M, {¢s3}). The
subset of M on which ¢, o 1/151 is defined and has a Jacobian with a positive determinant
is the subset where the orientations of (M, {¢,}) and (M, {¢3}) are said to coincide. The
subset of M on which ¢, o wﬁ’l is defined and has a Jacobian with a negative determinant
is the subset where the orientations of (M, {¢.}) and (M, {¢s}) are said to differ. Both
subsets above are open. Thus, for a connected manifold M, two orientations either coincide
on all of M or differ on all of M.

Given an oriented manifold (M, {¢,}), we can create an oriented manifold (M, {1, }) for
which the orientations differ on the whole M. Here is how we do it: For each ¢, : U, — R",
defined by ¢, (x) = (21, ..., z,,), we substitute ¢, : U, — R™ defined by ¥, (z) = (=21, ..., Tp).
In particular, the resulting orientation is called the opposite orientation of the original
one, and the resulting oriented manifold is denoted by —M.



Example 2.2.17 (Some orientable and non-orientable manifolds.). The n-sphere S™ and n-
ball B" for any n € Zs are orientable. In dimension-2, the torus 7% = S! x S! is orientable,
while the Mobius strip and the Klein bottle are non-orientable. In dimension-3, the solid
torus S! x B? is orientable, while the solid Klein bottle is non-orientable.

Definition 2.2.18. For oriented C*°-manifolds (M, {¢,}) and (N, {13}) of the same dimen-
sion, a smooth map h : M — N is orientation-preserving if the Jacobians of the maps
1 o o' (where they are defined) all have positive determinant. If they all have negative
determinant, it is orientation-reversing.

Definition 2.2.19 (Connected sum, [8]). Let M; and My be two connected manifolds.
Choose embeddings i, : B® — M; and 15 : B™ — M, so that i; preserves orientation and
19 reverses orientation. Then, the connected sum M;# M, is the gluing of M; and M,
via identifying 7 (tu) with i5((1 — t)u) for each unit vector v € S"~! and each 0 < ¢ < 1.
Choose the orientation for M;# M, which is compatible with that of M; and that of M.
This operation is well-defined up to orientation preserving diffeomorphism.

2.2.3 Morse Functions

Taking N = R in Definition 2.2.10, we have the definition of smoothness of a function going
from a manifold to the real line.

Definition 2.2.20. Given a smooth manifold M, a function f : M — R is smooth if the
function f : f o ¢! is smooth for every chart (M,, ¢,) in the atlas.

Definition 2.2.21. Given a differentiable map f : R" — R and a point p € R", the gradient

of f at p is the vector fo: (%]p, e ’%b)_

Definition 2.2.22. Let M be a smooth manifold. Given a function f : M — R and a point
p € M, we will write V,,f = 0iff V,,f = V,(fo¢,) = 0 in some chart (M,, ¢,) with p € M,.
Otherwise, we will write Vf # 0.

The following lemma says that Definition 2.2.22 does make sense.

Lemma 2.2.23. Let (M,, ¢o) and (Mg, ¢g) be charts of some atlas of M, f: M — R a
smooth function, f, = fo o7t and fg =fo (bgl. For any p € M, N Mg, let © = ¢o(p) and
' = ¢z(p). Then, the gradient V. fa = 0 if and only if Vx'fﬁ =0.

Therefore, the gradient foa =0 for some chart (M, ¢o) if and only if fo =0 for all

charts.

So Vf =0 if and only if fo = 0 for all charts.

Definition 2.2.24. The Hessian matrix of a function f : R® — R, denoted by Hx(f), is
the matrix of second partial derivatives of f:

*fp .. _&F
833% 0x10xn
Hp=| © .. ¢
f ... 92
O0xn 01 ox2

The Hessian evaluated at a point « € R" is denoted by H;(z).

9



Definition 2.2.25. For f : M — R and p € M, we will say that the Hessian of f at p,
denoted by Hy(p), is singular if in some chart (M, @a), det(H j(¢a(p))) = 0.

Similarly, the following lemma assures us that this is a useful definition.

Lemma 2.2.26. Forp € M, if V,f = 0 and det(H(¢o(p))) = 0 for some chart (Mo, ¢o),
then det(H ;(¢a(p))) = 0 for all charts (M, ¢a)-

Having a way of talking about derivatives on smooth manifolds allows us to define the
notion of critical points of smooth functions on such manifolds.

Definition 2.2.27. Let f : M — R be smooth. A point p € M is called a critical point
of fiff V,(f) = 0. The value f(p) € R is called a critical value.

If the preimage f~!(a) does not contain any critical points, then a € R is called a regular
value.

At a critical point p € M, Lemma 2.2.26 ensures that det(H(p)) = 0 is well defined.

Definition 2.2.28. A critical point p € M of a function f : M — R is called non-
degenerate iff det(H(p)) # 0. Otherwise, we call the critical point degenerate.

Let M = R or R%. Here are some example of degenerate and non-degenerate critical
points of functions on R and R?.

Example 2.2.29 (Monkey saddle, [9]). Consider the function f : R? — R defined by

(z,y) = 2° — 3zy”.

Figure 2.3: Monkey saddle.

10



Then, we have

so that the only critical point of f is (0,0). The Hessian matrix is given by

6x —Gy]

Hy = l—Gy —6x

and thus
det(H((0,0))) = (=362 — 36y°)|(2.4)=(0.0) = 0

So (0,0) is a degenerate critical point of f. f is called the Monkey saddle, because it is a
saddle a monkey (with a tail) would use. (See Figure 2.3.)

Example 2.2.30 (A non-degenerate critical point). Consider the function f : R* — R
defined by
(z,y) = 2% = 3y°.

Then, we have

=2
Ox ©
0
f@y) _ g,
dy
so that the only critical point of f is (0,0). The Hessian matrix is given by
2 0
Hy = lo —6] ’

and thus
det(H7((0,0))) = (62— 0-0)|(u o) = 12 £ 0,

So (0,0) is a non-degenerate critical point of f.

Definition 2.2.31 (Morse functions). A smooth function f : M — R is a Morse function
if f has no degenerate critical points on M.

Lemma 2.2.32 (Morse lemma). Let f be a Morse function on an n-manifold M andp € M
be a non-degenerate critical point of f. Then there exists a neighborhood N C M and a map
¢ : N — R? sending p to the origin, such that if f = f o ¢~ then

f(xl,--- xq) = x2t £ - £ 27+ fp).
If p is not a critical point of f then there is a chart (N, ¢) such that
f(xl, oy Zq) = x1 + f(p).

The number of minus signs in the quadratic polynomial is independent of the choice of chart
and s called the index of the critical point.

11



Remark 2.2.33. The index of a critical point determines the behavior of f at that point, and
Morse’s Lemma classifies non-degenerate critical points into exactly n + 1 types.

Note that the origin 0 = (0, - - - , 0) is the only critical point of the function f(xl, cee Xg) =
+22 + .- + 22 4 f(p). On the other hand, for the function f(z1,...,x4) = x1 4+ f(p), there
are no critical points. Therefore, every regular point and every nondegenerate critical point
has a neighborhood containing at most one critical point.

The remark above leads to the following corollary.

Corollary 2.2.34. Suppose f is a function on a compact, smooth manifold M such that
every critical point of f is non-degenerate. Then, f has a finite number of critical points.

It follows from Corollary 2.2.34 that a Morse function contains finitely many critical
points, all of which are non-degenerate. Furthermore, any two critical points correspond to
different critical values.

It’s a fact that every smooth function is pretty close to a Morse function, and Morse
functions are “stable”, meaning that small perturbation will not change the behavior of the
function significantly (See [7]).

Remark 2.2.35. The index of a Morse function f : M — R at a critical point p defined in
Definition 2.2.32 is equal to the number of negative eigenvalues of the Hessian Hy evaluated
at p, which does not depend on choice of local coordinates. (See [9].)

Example 2.2.36. (The height function on S?, [13]) Let M = S? = {(z1, 72, 23) € R® : 22 +
3423 = 1} C R? and consider the height function f : M — R defined by f(z1, %9, 23) = 1.

Let’s show that f is a Morse function.
Let My = S?\ {(—1,0,0)} and M_ = S*\ {(1,0,0)}. Let

),

T2 €3

Prlonants) = (70T,

(P2 T3
¢—(I17I271‘3)—(1+x171+I1)‘

Then, {(M,,¢),(M_,¢_)} forms an atlas of S?, where (M,, ¢, ) is the coordinate chart
around (—1,0,0) and (M_,¢_) is the coordinate chart around (1,0,0). The inverses of ¢,
and ¢_ are given by:

2 2
_ yi +ty; — 1 2 2y
¢ 1<ylay2):( s s )7
* By -+l yi+y+ 1y +y3+1
_ 1—yi—ys 2u 2y
¢—1(y17y2) :< ! 2 )

vy -+l i+ +1U i+ +1

To find the critical points of f, we need to look at the maps f, = f o ¢;* and fo=fop?
from R? to R. Note that

N 1—yf—ys
f*(ylayQ): s
yi+ys+1

12



and the gradient at (y;,y2) is given by

—4a —4ys
(Wi +v5+1)2" (yi +y5+1)2

V(y17y2)f* = ( )-
Thus, we have V(yhyQ)f_ = 0 if and only if y; = y» = 0, which implies that the point
p— = (1,0,0) € M is the only critical point of f in M_ C M.

The Hessian of f is given by

—4(1-3y74v3) 16y1y2
H. — | Gitg+)? (i +y3+1)3
/- 16y1y2 —4(1-3y3+y7) |
(yi+ys+1)3 (yi+ys+1)3

So we have

Hy (000 = (0.0 = | o 0

det(H; (¢ (p-))) = det(H;_(0,0)) = 16 # 0.

Hence, the point p_ = (1,0,0) € M is a non-degenerate critical point. In view of Remark
2.2.35, this is a critical point of index 2.

One can go through the same calculation for f+ and show that the point p, = (—1,0,0)
is the only critical point in M, C M, which is non-degenerate and has index 0. This shows
that f is indeed a Morse function on S2.

Theorem 2.2.37. Let M be a smooth manifold. Then, there exists Morse function on M.
In fact, the set of Morse functions is dense in C*°(M).
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Chapter 3

Handles, Handlebodies and Morse
functions

To set us up for the discussion about Heegaard splittings in dimension-3 and trisections in
dimension-4, in this chapter we will introduce handles and handlebodies as well as how they
are related to Morse functions on manifolds. Definitions and results in this chapter are from
[6] and [7] unless otherwise specified.

3.1 Handle Decompositions

Handle decompositions exist for smooth manifolds of any dimension. It is a particular way
to build an n-manifold from n-balls.

Definition 3.1.1 (k-handle). An n-dimensional k-handle is an n-ball, thought of as [0, 1]* x
[0,1]"7%, that is attached to some pre-existing submanifold along 9[0, 1]* x [0, 1]*7*.

D &5

O-havd le 1- haudle A-hauole 3-handle

In Figure 4.2, we show all the k-handles in 3-dimension.

(

Figure 3.1: k-handles in 3-dimension with the attaching regions shaded.

Let N be an n-dimensional manifold with boundary. Let h be a k-handle, ¢ : [0, 1]* x
0[0,1]"~* — ON be a one-to-one continuous map, and N’ be the result of gluing h to N by
the map ¢. Then, we call N’ the result of attaching a k-handle to N. When k£ = 0, N’
is the disjoint union of N and the closed ball h.

14



Definition 3.1.2 (Core and cocore). [6] The core of a 3-dimensional k-handle is {1}37% x
[0,1]%. The cocore is [0, 1]>7% x {1}*.

() G\

wre of a 4-handle cocore of & 4-handle

Figure 3.2: Core and cocore of a 3-dimensional 1-handle.

=

cYe o€ a 2-lhanclle Cocwre of a d-hanclle

— —
— —_——

Figure 3.3: Core and cocore of a 3-dimensional 2-handle.

Definition 3.1.3 (Handlebody). In dimension-3, a genus-g handlebody is a compact,
connected, and orientable 3-manifold that admits a handle decomposition consisting of 0-
handles and 1-handles and has genus-g boundary.

More generally, a manifold in n-dimension is called a k-handlebody if it is the union of
r-handles, for r at most k.

The following lemma justifies our definition of the genus of a handlebody.

Lemma 3.1.4. Two 3-dimensional handlebodies are homeomorphic if and only if their
boundaries have the same genus.

The handle decomposition of a 3-manifold is not unique. In fact, given a handlebody in
3-dimensions, there are infinitely many ways of decomposing it into 0-handles and 1-handles.
Luckily, Proposition 3.1.5 says that there is a “universal” construction.

Proposition 3.1.5. A genus-g 3D handlebody can be constructed from one 0-handle and g
1-handles.

Let H be a handlebody. We will call a properly embedded disk D C H essential if its
boundary does not bound a disk in 9H. Starting with a handle decomposition of H consisting
of 0-handles and 1-handles, we can obtain a collection of properly embedded, essential disks
which cut H into balls by taking the set of cocores of the 1-handles in this decomposition. In
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Figure 3.4: Diagram of a non-minimal collection (RHS) and a minimal collection of disks
(LHS).

fact, we could have equivalently defined a 3D handlebody as a connected manifold obtained
by gluing a collection of closed 3-balls along a collection of pairwise disjoint disks in the
union of their boundaries. [7]

Definition 3.1.6 (System of disks). A system of disks for a 3D handlebody is a collection
of properly embedded, essential disks that cut the handlebody into a collection of 3-balls.

Definition 3.1.7 (Cut system). A cut system of a genus g surface X, is a collection of g
disjoint simple closed curves such that surgery along these curves produces S2.

Since the boundary of a genus-g handlebody is 0H = X,, a cut system {a,...a,} of
OH corresponds to a system of disks {Dy,...D,} for H, where 0D; = «;. In particular,
such system of disks is called minimal. It’s not hard to see that a system of disks for a
handlebody is minimal if and only if its complement is connected. [7]

While Definition 3.1.3 suggests a way of building a handlebody from 3-balls, one can also
construct a handlebody by “thickening” a graph.

Definition 3.1.8 (Spine of a handlebody). A spine of a handlebody H is a piecewise linear
graph K embedded in H so that H \ K is homeomorphic to 0H x (0, 1].

In particular, if H is a regular neighborhood of a graph K embedded in it, then K is a
spine of H.

Lemma 3.1.9. If H is a handlebody, then there is a spine for H.

Proof. By definition, every handlebody H consists of O-handles and 1-handles. We can
construct a spine for A as follows. Put a vertex w; in the interior in each of the 0-handles. If
a 1-handle is attached to a 0-handle, so that one endpoint v; of its core lies on the boundary
of the 0-handle, connect this endpoint to the chosen vertex with an unknotted edge e. The
graph consists of all the w;’s, v;’s, €’s and the cocores is a spine for H. O

Lemma 3.1.10. If H is a 3D handlebody, then there is a 1-vertex spine for H.

Proof. We know from Proposition 3.1.5 that H can be constructed from a single 0-handle
and some number of 1-handles as needed. Now the construction provided by the proof of
Lemma 3.1.9 gives a 1-vertex spine for H. O
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Figure 3.5: A spine of a handlebody.

3.2 Sliding

In section 3.1, we saw two ways of understanding the structure of a handlebody: via systems
of disks and via embedded graphs. In this section, we will explore the connection between
these two perspectives on handlebodies and introduce an important concept—sliding.

Before we do any sliding, we shall first build connections between systems of disks and
spines for a handlebody.

Definition 3.2.1. A spine K is dual to a collection of meridian disks D for the handlebody
H if each edge of K intersects a single disk of D exactly once, each disk intersects exactly
one edge and each ball of H \ D contains exactly one vertex of K.

=

Figure 3.6: A system of disk dual to a spine K.

The following propositions explain how a collection of disks and a spine for a handlebody
encode the same information. In particular, a spine K will induce a system of disks for H
uniquely up to isotopy. Conversely, given a collection of disk, we can always find a spine K
dual to it, and such a spine is also unique up to isotopy.

Proposition 3.2.2. Given a spine K of a handlebody H, there is a system of disks dual to
K. If D and D' are both minimal systems of disks dual to K then the systems of disks are
1sotopic.
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Proposition 3.2.3. Given a minimal system of disks D for a handlebody H, there exists a
spine dual to D. If spines K and K’ are dual to D, then there is an isotopy of H taking K
onto K.

We are now ready to discuss the move of sliding—a move that allows us to turn a system
of disks into another system of disks, or to turn a spine into another spine for a handlebody.

3.2.1 Disk Slides

Definition 3.2.4 (Sliding of disks). Let H be a 3-dimensional handlebody and D = { Dy, ..., D, }
a system of disks for H. Let a be an arc in 0H with endpoints on dD; and 0D; for some

i #j € {l,...,n}. Assume the interior of a is disjoint from 9D; for each i. Let D, be the
frontier of a closed regular neighborhood of D; Ua U D;. Then, D, is called a sliding of D;
along a over D;. (See Figure 3.7.)

Figure 3.7: A sliding of D, along a over Ds.

It turns out that if we replace D; (or D;) with D, in D in Definition 3.2.4, D remains a
system of disks for H. This motivates the following definition.

Definition 3.2.5 (Disk slide and slide equivalence). [7] Two systems of disks for a 3D
handlebody H are called isotopic of there is an isotopy of H which takes one system of
disks to the other.

A system of disks that is isotopic to DU {D,} \ {D,} for some o and D; as defined in
Definition 3.2.4 is called a disk slide of D.

Two system D and D’ of disks are called slide equivalent if there is a sequence D =
Do, Dy, ...,Dy = D', where D, is a disk slide of D; for each i € {0,1,...,k — 1}.

For any handlebody with genus g > 1, there are infinitely many non-isotopic systems of
disks. However, it turns out that we can avoid such ambiguities if we insist our system of
disks to be minimal, thanks to the theorem below.

Theorem 3.2.6. Any two minimal systems of disks for a handlebody H are slide equivalent.

Taking the boundary a system of disks, we obtain from Definition 3.2.4 the notion of the
sliding of simple closed curves on an oriented surface.

18



Definition 3.2.7. (Sliding of curves) Given a finite collection av = {ay, ..., v, } of disjoint
simple closed curves on an oriented surface ¥ and two of these curves «; and «; and an arc a
joining o; and o; and otherwise disjoint from the o curves, one can produce a new collection
of curves o/ = {af,...,a),} by sliding «; over a; along a as follows: Let aj = oy, for all
k # i, while o is the unique boundary component of a regular neighborhood of a; U a U «;
which is not isotopic to either «; or a;.

Two collections of disjoint simple closed curves on the same surface are called slide
equivalent if one can be transformed to the other by a sequence of sliding and isotopies.

Two pairs of collections of simple closed curves («, 5) and (o/, ") on the same surface
are slide equivalent if « is slide equivalent to o’ and 3 is slide equivalent to 8’. Two triples
(3, o, B) and (¥, o/, B') are slide diffeomorphic if («, 3) is slide equivalent to some (o, 3")
such that (X, a”, ") is orientation preserving diffeomorphic to (X', o/, 8). [5]

3.2.2 Edge Slides

The duality between disk systems and spines allows us to translate sliding into a move on a
graph.

Let K be a spine of a handlebody H and e, es be edges in K sharing a vertex v. Let D
be a disk with int(D) N K = (), whose boundary 9D is divided into 3 segments ay, az, as,
where a is closed half of e; containing v, s is g, and ag is an arc in int(H). Let K’ be the
result of replacing a; with a3z in K.

’ E, k -

Figure 3.8: Edge Slides

Definition 3.2.8 (Edge slides). Any graph isotopic to the graph K’ described above is called
an edge slide of the spine K.

Two spines K and K’ of a handlebody H are called slide equivalent if there is a sequence
of edge slides and isotopies starting at K and ending at K’.

Just as sliding disks produces a large family of systems of disks for a handlebody, slid-
ing edges enables us to form a large family of embedded graphs which are spines of the
handlebody.

Proposition 3.2.9. Let K be a spine for the handlebody H. Suppose K' is an edge slide of
K. Then, K' is also a spine for H.

The following proposition says that the duality between disks and spine extends over the
move of sliding.
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Proposition 3.2.10. Let D be a minimal collection of disks for a 3D handlebody H. Let D’
be a disk slide of D. If K is a spine dual to D, then there is an edge slide K' of K that is
dual to D’.

In an isotopy of a manifold, the 2-handles may follow paths which take them over other
2-handles, while the 1-handles may slide their ends onto other 1-handles. Both of these can
be understood through disk slides and edge slides.

Definition 3.2.11 (Handle slides). A 1-handle slide is the result of thickening an edge
slide of the handlebody. A 2-handle slide is the result of thickening a disk slide of the
handlebody.

3.3 Morse Functions and Handle Decompositions

Definition 3.3.1 (Handle decomposition). A handle decomposition of a compact n-
manifold M is a finite sequence of manifolds M, ..., M; such that:

2. M, is diffeomorphic to M;
3. M; is obtained from M; ; by attaching a handle.

It turns out that Morse functions on smooth manifolds, whose existence is guaranteed
by Theorem 2.2.37 naturally induce handle decompositions of the manifolds, which we shall
explain now.

Definition 3.3.2. Let f : M — R be a Morse function. Then, for each = € R, the level
set of fis f, = f~!(z) C M.

Note that f, is always closed, because it is the pre-image of a closed set under a continuous
function. Additionally, since M is compact, f, must also be compact. In particular, if
[a,b] € R is an interval with no critical values, then the level sets must fit together in a
rather simple way.

Lemma 3.3.3. Let f : M — R be a Morse function and a,b € R are such that a < b and
a,b are both reqular values of f. Let f, = f~'(a). Suppose there is no critical values in the
interval [a,b]. Then, f~'([a,b]) is homeomorphic to f, X [a,b)].

Definition 3.3.4. A sublevel set f, = f~((—o0,z]) is everything below a level set.
If z € R is a regular value, then f_ is an n-dimenisional submanifold.

Lemma 3.3.5. Let f : M — R be a Morse function and a,b € R are such that a < b and a,b
are both reqular values of f. Suppose there is no critical value in the interval |a,b]. Then,
there is an isotopy of M which maps f, onto f, .

Lemma 3.3.6. If x is a reqular value, then f, is a closed submanifold of M of dimension

d—1, where d = dim(M).
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A Morse function naturally decomposes a manifold into regular and singular level sets.
Let a,b € R be two regular values of f. Suppose there is no critical value in [a, b]. Then, the
level sets f~!(a) and f~1(b) are diffeomorphic. If, additionally, we have ¢ € (a,b), then the
level sets f~!((a,b)) is diffeomorphic to f~!(c) x (a,b).

Therefore, to understand the manifold, we only need to understand how the level set
changes as we cross through a critical value. In particular, we want to observe how the
submanifold f~1((—oo,y]) changes as we pass through a critical value 1, via local coordinates.

We shall consider a Morse function on a closed 3-dimensional manifold. In this case, the
regular level sets are surfaces. Thus, for any a,b € R which lie strictly between two critical
values, we have

f((a,b)) = surface x I.

A critical point of index 0 is a point xg € M for which there exist local coordinates
{z1,...,x,} such that on a neighborhood of xy, f has the form f(z1,zs,x3) = 23 + 23 + 3.
We say that zy is modeled on z? + x3 + x3. In particular, as we move from the level sets
below the critical point to the level sets above the critical point, we see a point appear and
expand into a 2-sphere.

A critical point of index 1 is modeled on —z% + x3 4+ x3. As we move from the level sets
below the critical point to the level sets above the critical point, we see a hyperboloid of 2
sheets meet at 1 point and then merge into 1 sheet.

A critical point of index 2 is modeled on —z? — x3 + x3. As we move from the level sets
below the critical point to the level sets above the critical point, we see a hyperboloid of 1
sheet collapse by pinching along a circle and break into a hyperboloid of 2 sheets.

A critical point of index 3 is modeled on —z% —x3 —z2. In particular, as we move from the
level sets below the critical point to the level sets above the critical point, we see a 2-sphere
collapse into a point and disappear.

More generally, let M be a closed n-dimensional manifold and a Morse function f : M —
R. Let zyp € M be a critical point of f. Then, there is a closed neighborhood N,, of X
homeomorphic to [0,1]". By Morse lemma, there exist local coordinates about z( in which

k n
fao) = Far, o a) =~ Tw+ Y ot

i=k+1

Let yo € R be the critical value corresponding to zy. The homeomorphism type of
f7Y((—o0,y]) changes as we pass through yo. In particular, if a,b € R are such that yq is
the only critical value in (a,b), f~!((—o0, b]) is homeomorphic (diffeomorphic, in fact) to the
result of attaching a copy of [—1,1]" to df*((—o0,a]) along [—1,1]% x [-1,1]"7* ie. a
k-handle!

This suggests that every closed manifold can be built from handles starting from the
O-handle, a copy of [—1,1]™ appearing out of thin air. To build a given n-manifold M, we
can choose a Morse function h : M — R and mimic the growth of h=1((—oo, y]) by attaching
a k-handle when y passes through a critical value of index k.

A k-handle is dual to an n — k-handle in the following sense. Given any Morse function
h: M — R, —h: M — R is also a Morse function. Due to the sign change, critical points
of index k for h are in 1-1 correspondence with critical points of index n — k for —h. Thus,
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for each k-handle attached along 9[—1,1]* x [—1,1]"7* to h=!((—o0, 9y — €]) of M, we can
instead attach an (n — k)-handle to ™' ([y + €, +00)) along 9[—1,1]" % x [-1, 1]*.

Example 3.3.7. (The height function on S? again) We showed in Example 2.2.36 that the
height function h defined by (xy, 9, x3) — 21 on the unit 2-sphere in R? is a Morse function.
In particular, the only two critical points (—1,0,0) and (1,0,0) correspond to critical values
—1land 1in R. One can check that (—1,0,0) is of index 0 and (1,0, 0) is of index 2. Thus, we
see a disk, a 2-dimensional 0-handle, appears as we pass through —1 and then cap it off with
another disk, a 2-dimensional 2-handle, by gluing its boundary to that of the pre-existing
one.

The function —h defined by (x1, 22, x3) — —z7 is also Morse, and it still has two critical
points (—1,0,0) and (1,0,0). However, as a result of the sign change, (—1,0,0) now has
index 2, and (1,0,0) has index 0.
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Chapter 4

Heegaard Splittings of 3-Manifolds

Complicated and interesting manifolds can be built from handlebodies. In this chapter, we
will introduce Heegaard splittings for 3-manifolds, which is a systematic way of decomposing
“nice” 3-manifolds into handlebodies. Definitions and results in this chapter come from [5],
[6] and [7] unless otherwise specified. We follow closely the way how Heegaard splittings are
introduced in [5].

4.1 The Basic Definitions: Decompositions

Definition 4.1.1 (Heegaard splittings). A genus-g Heegaard splitting of a closed, con-
nected, oriented 3—-manifold M is a decomposition M = H; Uy Hs, usually denoted by a
triple S = (X, Hy, Hs), such that:

1. For each ¢, H; is diffeomorphic to Hy, a genus-g 3-dimensional handlebody.

2. H, N Hy = ¥ is diffeomorphic to X, a genus-g surface. We orient H, N Hy as 0H; =
—0H,.

Y is called the Heegaard surface or splitting surface of M = H, Uy Hy. The Heegaard
genus of M is the smallest possible genus of a Heegaard splittinig of M.

We will define two different notions of equivalence for Heegaard splittings.

Definition 4.1.2 (Equivalence of Heegaard splittings). Two Heegaard splittings (3, Hy, H>)
and (X', H{, H}) of M are isotopic if and only if their splitting surfaces ¥ and ¥’ are isotopic.

Two Heegaard splittings (X, Hy, Hy) and (X', Hy, H}) are homeomorphic if and only if
there is a homeomorphism h : M — M that takes X to ¥/, Hy to Hj, and Hs to H).

Example 4.1.3 (A genus-0 Heegaard splitting of S3). The decomposition S* = B? Uy B3,
where ¥ = 52, is a genus-0 Heegaard splitting of S®, regardless of homeomorphism.

Example 4.1.4 (A genus-1 Heegaard splitting of S®). The decomposition S* = H; Usg, Ho,
where ¥ = S' x S%? and H; = S' x B? for i = 1,2, is a genus-1 Heegaard splitting of S3. In
particular, the meridian of Hy is glued along the longitude of Hy, and the longitude of H is
glued along the meridian of Hj.
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Sl

Figure 4.1: The Genus-0 Heegaard Splitting of S3.

Hi Ho
Figure 4.2: A genus-1 Heegaard splitting of S3.

Provided that we have a Heegaard splitting M = H; Uy, Hs, the spine of each of the two
handlebodies is a graph embedded in the ambient 3-manifold M. The following lemma says
that the isotopy class of the Heegaard surface and hence the Heegaard splitting is completely
determined by the spine of Hj.

Lemma 4.1.5. Let (X, Hy, Hs) and (X', Hy, H}) be Heegaard splittings of a manifold M. Let
K and K’ be spines of Hy and Hj, respectively. If K is isotopic to K', then ¥ and ¥’ are
isotopic. As a consequent of Definition 4.1.2, if K is isotopic to K', then (X, Hy, Hy) and
(X, Hi, H}) are isotopic splittings.

It is known that such decomposition always exists for a large family of 3-manifolds.

Theorem 4.1.6 (Existence of Heegaard splittings, Moise). Every compact, closed, con-
nected, orientable 3-manifold allows a Heegaard splitting.

Theorem 4.1.6 follows from the existence of a special type of Morse functions, which we’ll
discuss next.
4.2 The Morse Theoretic Perspective

Definition 4.2.1. A Morse function f : M — R is self-indexing if for all k, the value of f
at any critical point of index k is less than the value of f at any critical point of index k + 1.
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Let M be a 3-manifold and A : M — R a self-indexing Morse function. Then, there is
some regular point » € R such that all critical points of index 0 or 1 occur below r and all
critical points of index 2 or 3 occur above r, so that A~'((—oco,r]) is a handlebody. On the
other hand, we’ve seen in Section 3.3 that h~*([r, 400)) is a handlebody too, since all critical
points contained in [r, +00) of —h are of index 0 and 1. A self-indexing Morse function thus
defines a Heegaard splitting of the 3-manifold M, which justifies the following definition.

Definition 4.2.2. A self-indexing Morse function on a 3-manifold is called a Heegaard
splitting Morse function.

In [5], Gay equivalently defines a Heegaard splitting as follows. Let § € R/277Z and
Ry C R? be the ray making angle —@ with the positive r—axis and parametrize Ry using
[0,00) — (tcos(—0),tsin(—0)). Thus, we can think of R as the z-axis by identifying [0, oc0)
with Ry and (—o0, 0] with R;.

Definition 4.2.3 (Heegard splitting Morse function). A genus-g Heegard splitting Morse
function f on a 3-manifold M is a Morse function f: M — R such that:

1. 0 is a regular value of f, and thus f=1(0) = ¥ is a closed surface, which we require to
be connected of genus g.

2. On each of the two rays Ry and R, f has exactly g index 2 and one index 3 critical
points, all of which have distinct critical values.

Note that the fact that f has critical points of index 2 and index 3 is because that we
oriented (—o0, 0] of the xz-axis away from the origin.

Conversely, a Heegaard splitting can be used to define a Morse function as well, though
it’s usually not unique, due to the non-uniqueness of handles structures on handlebodies.

Example 4.2.4 (Standard genus-0 Heegaard splitting of S?). Consider S® = {(z1, v9, 23, 74) €
R* : 22 + 23 + 23 + 23 = 1} C R%. The projection (z1, 2, x3,74) — 71 on S? is a Heegaard
splitting Morse function, giving the standard genus-0 Heegaard splitting of S®.

R

e | ©

R« o > Ro

Figure 4.3: A genus-0 Heegard splitting Morse function
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In particular, as illustrated in Figure 4.3, we have

fH(Ro) = £710,1]) = {(21, 2o, x3, \/1 — (@} + a3+ 23)) 2 + a5+ a3 <1} = B

FHR) = FH1,0) = {( w0, 05, — T — (0 + a3+ a3) s 0 b ad+ad < 1) 2 B
f7H0) = {(z1, 29, 23,0) : 2] + 25 + 235 < 1} = 52

In addition to the existence statement in Theorem 4.1.6, there is a uniqueness statement.
To discuss that, we need to introduce an important operation on Heegaard splittings called
stabilization.

4.3 Stabilization

Given a 3-manifold M and a genus g Heegaard splitting (X, Hy, Hs) of M, we can construct
a genus g + 1 Heegaard splitting of it as follows:

1. Attach an unknotted 1-handle h to H;. The core of h C H, together with an arc in X
bounds a disk D in M.

2. Let C = D x I be the thickened D. Then, H; UhUC = H, U B? is isotopic to Ha,
and the closure Hs \ (h U () is isotopic to Hs.

3. Let H{ = HyUh and H) = H,\ (hUC)UC. So M = H{UH), and ¥’ := H{ N H) =
0H, U Oh.

Stabilization
7

Figure 4.4: A stabilization of a Heegaard splitting.

Definition 4.3.1 (Stabilization). Any Heegaard splitting (X', Hj, H}) constructed by iter-
ating the above process one or more times, possibly reversing the roles of H; and H,, is
called a stabilization of the Heegaard splitting (3, Hy, H»).

Since we would mostly like to consider Heegaard splittings which are not stabilizations,
criterion for deciding whether a splitting is a stabilization of another splitting would be useful.
This motivates the following definition, which is justified by Lemma 4.3.3 that follows.

Definition 4.3.2. A Heegaard splitting (X', H], H)) is called stabilized if there is a pair
of essential, properly embedded disks D7, D), in Hi, H, respectively, such that 0D; N 0D)
consists of a single point in ¥'.
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Lemma 4.3.3. A Heegaard splitting (X', Hy, H}) is stabilized if and only if it is a stabilization
of a Heegaard splitting (X, Hy, Hs).

As stabilization allows us to look at Heegaard splittings with different genera of the
same 3-manifold, we may ask in what ways these Heegaard splittings are related. Quite
remarkably, it turns out that for any two splittings of the same manifold, there exists a third
splitting which is isotopic to a stabilization of each. This is discovered by Reidemeister and
Singer independently in 1935.

Theorem 4.3.4 (Reidemeister-Singer). Let (X, Hy, Hs) and (X', H}, H}) be Heegaard split-
tings (not necessarily of the same genus) of a compact 3-manifold M. Then there is a
Heegaard splitting surface Y which is isotopic to both a stabilization of ¥ and a stabilization

of .
In 1968, Waldhausen proved the following theorem about Heegaard splittings of S3.
Theorem 4.3.5 (Waldhausen). Every genus g > 1 Heegaard splitting of S® is stabilized.

We will refer our readers to [6] for proofs of Theorem 4.3.4 and Theorem 4.3.5. As a
corollary, we have the following.

Corollary 4.3.6. Every Heegaard splitting of S® is a stabilization of a genus-zero Heegaard
splitting.

We can now add a uniqueness statement to Theorem 4.1.6.

Theorem 4.3.7. Every closed, connected, oriented 3—manifold has a Heegaard splitting, and
any two Heegaard splittings of the same 3—manifold become isotopic after some number of
stabilizations.

4.4 The Diagrammatic Perspective: Heegaard Diagrams

Since all handlebodies of the same genus are homeomorphic, given a Heegaard splitting
M = Hy; Uy, Hy of genus g, it is not too hard to visualize the genus-g handlebodies H; and
H, in R? individually. Since 0H; = ¥, to reconstruct M together with its Heegaard splitting
from Hy, it suffices to understand how a system of disks for H, is attached to OH;, since
there is only one way to attach the 3-handles along meridian disks by Alexander’s theorem,
as stated below.

Theorem 4.4.1 (Alexander’s theorem, [2]). Every embedded S* in R3 bounds an embedded
3-ball.

Since a system of disks is defined by a collection of curves on 0H7, the Heegaard split-
ting can be encoded by a closed surface and a set of curves on it diagrammatically, which
determines the homeomorphism glueing the surfaces 9H; and 0H, together, This motivates
the definition of Heegaard diagrams.
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Figure 4.5: A genus-1 Heegaard Diagram of S3

Definition 4.4.2 (Heegaard diagrams). A Heegaard diagram (X, o, 5) is a closed, ori-
entable surface ¥ of genus ¢ that is equipped with two collections of disjoint, essential, simple
closed curves a = {oy, ..., } and 8 = {f1, ..., B}, each of which forms a cut system of the
surface.

The following theorem connects Heegaard splittings to Heegaard diagrams.

Theorem 4.4.3. Given a Heegaard diagram D = (X, a, ), there is a 3—-manifold M = M (D)
with Heegaard splitting S(D) = (M, My, M) such that ¥ = My N My, oriented according to
the conventions in Definition 4.1.1, and such that the o curves bound embedded disks in M,
and the B curves bound embedded disks in Ms. Then:

1. Any other Heegaard split 3—manifold satisfying these same properties with respect to
the given diagram D is in fact orientation preserving diffeomorphic to S(D).

2. For every Heegaard splitting S = (M, My, Ms) of a 3-manifold M, there is a Heegaard
diagram D such that S = S(D).

In other words, every Heegaard diagram corresponds to a Heegaard splitting up to dif-
feomorphism. Conversely, for every Heegaard splitting, we can draw a Heegaard diagram
describing it.

When do two Heegaard diagrams describe equivalent Heegaard splittings? While the
concept of disk slides and edge slides in Section 3.2 themselves seem to have no depth, they
allow us to study Heegaard splittings diagrammatically without ambiguities.

Proposition 4.4.4. Two Heegaard diagrams (34, a, 8) and (3, o', 3') correspond to equiv-
alent Heegaard splittings if and only if there exists a diffeomorphism P : %, — X and a
sequence of handle slides which take P(«a) to o' and P(f) to (.

Uniqueness of Heegaard splittings translates into diagrams as well.

Definition 4.4.5. The standard genus-1 Heegaard diagram for S® is the diagram
D* = (T? «, 8) shown in Figure 5.5.

We can relate stabilization of Heegaard splittings and Heegaard diagrams as follows.
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Theorem 4.4.6. Given a Heegaard diagram D with associated Heegaard split 3-manifold
S =8(D), let S’ be the result of stabilizing S. Then 8" = S(D#D*).
Given two Heegaard diagrams D and D', with

S(D) = (M, My, M)

and
S(D') = (M', My, My),

we have that M = M’ if and only if, for some k and k', the two Heegaard diagrams
D#(#'D*)

and /
D#(#" D)

are slide diffeomorphic.

4.5 The Fundamental Group

Finally, we will take some time to explore the algebraic data one can obtained from a
Heegaard splitting of a 3-manifold. In particular, given a Heegaard splitting, we can get a
presentation for the fundamental group of the 3-manifold. Let’s start from the simplest kind
of all—the handlebodies. The proofs in this section follow the spirit of [7].

Lemma 4.5.1. Let H be a handlebody and let K be a spine for H with a single vertez, x, and
g oriented edges ey, ...,eq. The fundamental group of Hy with base point x is the free group
F9 generated by the elements fi,..., f, determined by the path ly,...,1l,, where l; : [0,1] — H
is a loop whose image is the edge e;.

Proof. Let K be the one vertex spine of a genus ¢ handlebody H,, which is the wedge sum
of g circles. Denote the vertex by x and the edges by e; for i € {1 (mod g),...,g (mod g)}.

Consider the open sets A; = e; UU for each i, where U is an open neighborhood of x such
that U Ne; # () for all i and U deformation retracts to . K = |J; 4;, and each intersection
A;NA; = U, which is path-connected. Additionally, each triple intersection A;NA;NA;, = U,
which is also path-connected. Since U deformation retracts to z, m(A4;NA;) = m(U) = {1}.
Hence, by Theorem 2.1.11, 7 (K) = #q1<;j<om (4;) = %,Z = F9.

Since the handlebody H, is homotopy equivalent to its spine K, by Propsition 2.1.10,
Fl(Hg)gﬂ'l(K):Fg. O

Now we are ready to glue the simple pieces together and find a presentation for the
fundamental group of more complicated 3-manifolds from their Heegaard splittings.

Lemma 4.5.2. Let (X, Hy, Hy) be a Heegaard splitting. Let Dy, Ds, ..., D, be a minimal disk
system for Hy so that OD; is properly embedded in OH; = .
For each i € {1,...,9}, choose a point x; € OD; and let k; : [0,1] — OD; be a map such
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Let j; - [0,1] — H; be a path such that j;(0) = z and j;(1) = x;, so that j; 'kj; is a closed
path based at x.

The fundamental group of M is isomorphic to (fi, fa, ..., fg : 71, ..., 74), where each r; €
71 (M) is determined by the loop j; 'kij; and the f; are defined as in Lemma 4.5.1 with
H = H,.

Figure 4.6: A diagram illustrating the setup of Lemma 4.5.2.

Proof. Let M; be the result of gluing D; to H; along the loop l;. Let A; be a regular
neighborhood of H; in M; and A, be the interior of D; denoted by intD;. We know from
Lemma 4.5.1 that m(A;) = m(H;) = F9. On the other hand, m(A2) = {1}. The in-
tersection A; N Ay is an open annulus, and so m(A; N Ag) = 7(S* x (0,1)) = Z. Van
Kampen’s theorem says that there is a homomorphism ¢; : F9 %« {1} — m(M;) with
ker(¢1) = ({iga(w)ig(w)™! : w € m (A1 N Ag)}), where 419 : m (A N Az) — m(A;) and
io1 : m (A1 N As) — m(As) are the natural inclusions. Note that any loop in A; N Ay
included into A; = H; must be a power of r;. Hence, it follows that

mi(A1L N Ag) = F9x {1}/ ker(¢1) = F¥/{(r1)),

where ((r1)) denotes the normal closure of r;.

Let Ms be the result of gluing D, to 0M; along the loop l;. Then, by Theorem 2.1.11,
there is a homomorphism ¢ : 71 (M) * {1} — (M) with ker(¢py) = ({rs)). So the composi-
tion ¢o oy @ m (Hy) = F9%{1} — m(M>) is a homomorphism with ker(¢s 0 ¢1) = ((r1,72)).

Inductively, we will obtain m(M,) = F9/((r1,...,r,)). where M, is the result of gluing
D; along the loop I; for all i € {1,...,¢}. Since the collection of disks {D; : 1 <i < g} form
a minimal disk system, there exists an embedding h : M, — M such that (h(M,))® C M is
an open ball B3.

Let A := B® and A be a regular neighborhood of h(M,), so that M = AU A and
AN A= 8% Appealing to Theorem 2.1.11, again it follows that

m (M) = {1} % m (M) /m(S?) = m(M,).
O

Example 4.5.3. (S x S?) Consider the Heegaard splitting specified by the Heegaard di-
agram in Figure 4.7. The embedded graph with a single vertex x and a single edge e; is a
spine for H;, which define the generator for the free group m;(H;). The simple closed curve
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k1 bounds a properly embedded disk D; which forms a minimal disk system for Hs, and
banding k; with an arc j; form a loop based at x which is contractible in H;. By Lemma
4.5.2, the fundamental group S* x S? has presentation

m(St xS =(fil1)=(fi| ) =L

Figure 4.7: A genus-1 Heegaard splitting for St x S2.

4.5.1 Stabilization and Fundamental Group

Consider a presentation of the fundamental group m (M) = (f1,..., fy : r1,...,74) obtained
from a Heegaard splitting (3, Hy, Hs), where the generators f; come from H; and the relations
r; come from H,. (This is an arbitrary choice.)

Now, when perform a stabilization, we attach to H; an unknotted 1-handle B, whose core
union with an arc o in H; bounds a disk in M. Moreover, BUN («) (a regular neighborhood
of ) is homotopic to a solid torus.

Let A, := H; and Ag := B U N(«a), so that H{ = A, U Ag. The double intersection is
Ay N Ag = B? x I, which is path connected. Moreover, m1(A, N Ag) = m(B* x I) = {1}.
Thus, by Theorem 2.1.11,

mi(H)) = m(Aa) * m(Ap) /N = mi(Hy)  mi(S) /{1}
= {frs e fo Jor):

On the other hand, drilling out a B2 x I from H, is equivalent to adding a one handle to it
and thus adding a disk to the minimal disk system, whose boundary is x4, on ¥’. Thus,
the relations coming from Hj are rq, ..., 74, £441. So this presentation is actually identical to
the original one up to triviality. Let’s record this as the following lemma.

Lemma 4.5.4. Let (M) = (f1, ..., fg : 71, ...,74) obtained from a Heegaard splitting (X, Hy, Hs).
Then, performing a stabilization yields the new presentation of the fundamental group of M

m (M) = (fi, s Jgs Jgw1 111, '-'7Tgvfg+1>-
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Chapter 5

Trisecting 4-Manifolds

In this chapter, we will venture into dimension four and generalize many ideas from the pre-
vious section to 4-manifolds. Trisections in dimension-4 are analogous to Heegaard splittings
in dimension-3. The whole chapter follows [5] closely. It is also where the definitions and
lemmas, unless otherwise specified, come from.

5.1 The Basic Definitions: Decompositions

We will denote a 4-dimensional 1-handlebody with a handle structure of one 0-handle and
k 1-handles by £*S! x B3.

Definition 5.1.1. A (g; k1, ko, k3) trisection of a closed, connected, oriented 4-manifold X
is a decomposition X = X; U X5 U X3 such that:

1. For each i € {1,2,3}, X; is diffeomorphic to §*S* x B3, i.e. a “genus-k;” 4-dimensional
1-handlebody.

2. Taking indices mod 3, X; N X; 1 = H;(i41) is diffeomorphic to 19S5t x B? for each i €
{1,2,3}, i.e. a 3D 1-handlebody. In particular, we orient X; N X, as a submanifold of
0Xit1, and 0X; = H;;_1)UH;(i11) is a genus-g Heegaard splitting for 0.X; = gki St x S2.

3.8y = XiNXoN X3 = 0Hy41) for i € {1,2,3} is a genus-g surface. We orient
Xl N X2 N X3 as G(Xl N XQ) = 6(X2 N Xs) = 8(X3 N Xl)

The surface ¥, is called the trisection surface, and we will denote the trisection by the
quadruple T = (X, Xy, X5, X3). (See Figure 5.1.)

A trisection is called balanced if k; = ko = k3 = k, in which case we call it a (g, k)-
trisection.

We again define two notions of equivalence for trisections. We will say that two trisections
of a 4-manifold 7 = (X, X3, X5, X3) and 7' = (X, X{, X}, X}) are diffeomorphic if there is
a diffecomorphism of X such that f(X;) = X/ for i € {1,2,3}. Two trisections are isotopic
if there is an isotopy f; of X such that fy =id and fi(X;) = X] for i € {1,2,3}.
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Figure 5.1: Schematic of a trisection

Remark 5.1.2. Given a (g, k)—trisection of X, x(X) = 2 + g — 3k, which means that k can
be determined by g and X. Thus, we usually refer to a (g, k)—trisection simply as a genus-g
trisection of X. [4]

We can reconstruct from Hio U Hog U H3; uniquely the 4-manifold X and the trisection

structure on X as follows:

1. Thicken Hq2U Ha3U Hs; by taking the product ¥, x B® and H;; x [ for i # j € {1,2,3}.
This leaves a manifold with 3 boundary component, each diffeomorphic to §*S! x S2;

2. One can show that any diffeomorphism of §* St x S? extends across Hi. Consequently,
each of the boundary components can be capped off with H}! uniquely.

Since we made no choices throughout the process, we have uniquely constructed a trisected
4-manifold.
Trisections exist for a large family of nice 4-manifolds.

Theorem 5.1.3 ([4]). Every closed, connected, oriented 4—manifold has a trisection.

Just as Heegaard splittings in dimension-3 arises naturally from Morse function on the
3-manifold, trisections arise naturally from Morse 2-functions on 4-manifolds, which we will
define and discuss in the next section.

5.2 The Morse Theoretic Perspective

Definition 5.2.1. A Morse 2-function on a 4-manifold X is a smooth function f : X — R?
which, at every point p € X, has one of the following three forms with respect to appropriate
local coordinates (¢, z,y, z) near p and u,v near f(p):

1. (t,z,y,z) — (u=t,v = x); here p is called a regular point.

2. (t,z,y,2) = (u=1t,v= 2?4+ y? & 2?); here p is called a fold point, and p is called
definite or indefinite depending on whether the quadratic form +a? £ y? 4+ 22 is
definite or indefinite.
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3. (t,m,y,2) = (u=t,v=2a®—tx+y*+ 2?); here p is called a cusp point.

Both fold and cusp points are critical points. A point ¢ € R? is called a regular value if
all points p € f~1(q) are regular points; otherwise, ¢ is a critical value.

The inverse image of a regular value (u,v) € R? is a closed surface, as it is given by
Y u,v) = {(u,v,y,2) : y,z € R} locally. The singular locus, i.e. the set of all critical
points, is a finite collection of embedded circles in dimension four. The cusp points form a
finite collection of points on the singular locus.

If f: X — R?is a Morse 2-function and A is an arc in R? avoiding the cusps and
transverse to the image of the singular locus, then the inverse image M = f~1(A) is a 3-
manifold in X, with OM = f~1(0A). Moreover, if we embed A in R, then, f|y: M — Aisa
Morse function with critical points of index 0 and 3 where A crosses definite folds and index
1 and 2 where A crosses indefinite folds. If we reverse the orientation of A, every critical
point of index j is changed to one of index 3 — j.

Crossing a definite fold in the index 0 direction adds a new S? component to the preim-
age of regular value, while crossing a definite fold in the index 3 direction cap off such a
component.

Crossing an indefinite fold in the index 1 either increases the genus of a fiber component
by 1, or connects two disconnected components. Crossing an indefinite fold in the index
2 cuts the fibre along a compressing circle, either decreasing the genus by 1 or splitting a
connected component into two pieces.

Passing immediately adjacent to a cusp and thus crossing two successive folds, the cor-
responding critical points are two canceling critical points with successive indices.

In [5], David Gay includes the following lovely diagram illustrating the features of a Morse
2-function mentioned above.

Figure 5.2: The darker arc is a definite fold and the remaining solid arcs are indefinite
folds. The dotted arc is an oriented arc A transverse to the folds, with indices of the critical
points of the associated Morse function on f~!(A) labelled at the crossings. The surfaces
are representative inverse images of regular values along the arc. [5]
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To emphasize the parallel, we will set up the same notations as that for Heegaard splitting
Morse function to describe what Morse 2-function will produce a trisection. [5]

Let 0 € R/27Z and denote Ry C R? be the ray starting at the origin and making
angle —6 with the positive z-axis. Parametrize Ry with Ry(t) = (t cos (—6),tsin (—0)) for
t € [0,00), so that we always see Ry oriented away from the origin. For i € Z/3Z, let A;
be the sector bounded by the rays Ror—1)/3 and Rar(;)/3, which produces a decomposition
R?2 = A, U Ay U As.

Definition 5.2.2 (Trisecting Morse 2—function). A (g; k1, ko, k3) trisecting Morse 2—func-
tion f on a 4-manifold X is a Morse 2-function f : X — R? such that:

1. (0,0) is a regular value of f, so that f~1(0) = ¥ is a closed surface. In particular, we

require ¥ to be connected of genus g.

2. On each of the three rays Ry, Ror/3 and Ryr/3, f has exactly ¢g index 2 and one index
3 critical points, all of which have distinct critical values.

3. Over each sector A;, the singular locus of f has exactly g + 1 components, all of which
are arcs from Roq;/3 t0 Ror(i41)/3- Among the arcs, g — k; of them are indefinite folds
each with exactly one indefinite cusp, g of them are indefinite folds with no cusps, and
one of them (which is the outermost) is a definite fold. Furthermore, each of the arcs
is transverse to the ray Ry for all 6 € [27i/3,27(i 4 1)/3] except at cusps, where they
are tangent to the rays. f restricted to the singular locus is an immersion with cusps
and double points avoiding the cusps.

Again, we include an illustrating diagram for a trisection Morse 2-function is Figure 5.3
given in [5]. On top of the original figure, we highlight the definite folds in purple, the
indefinite folds without cusps in yellow, and the indefinite folds with cusps in pink.

A (g; ky, ko, k3) trisecting Morse 2—function induces a trisection as desired.

Lemma 5.2.3 ([5]). Given a (g; k1, ko, k3) trisecting Morse 2-function f : X — R? let
X; = fYA;). Then, X = X; UXoU X3 is a (g; ki1, ko, k3) trisection of X.

Example 5.2.4 ((0,0)-trisection of S* produced by a Morse 2-function, [5]). Write S* =
R? x R3 = {(r,0, 23,24, 75) : r* + 22 + 22 + 22 = 1}. Define the projection p : B* — R? as

p(/’n7 9) T3, Ty, .T5) = (’]"’ 9)
and trisect the plane into
2
A1:{(T,9):0§r§1,0§9§§}’

2 4
Ay ={(r6):0<r<1 <0< ),

4
Agz{(r,Q):Ogrgl,éTSHSQﬂ}.

Then, letting X; := p~(D;) for each i € {1,2,3}, well obtain X; & B* and S* = X; U X, U
X3. Moreover, X; N X; = B?® and

Y =X1NXoNX3={(0,0,03,14,5) : 73 + 23 +22 =1} = 52
So (X, X1, X», X3) is a (0, 0)-trisection of S*.
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Figure 5.3: The singular value set of a (4;3,2,2) trisecting Morse 2-function. [5]

As mentioned in [5], one can write down a trisecting Morse 2-function on CP? by per-
turbing the moment map p : CP? — R? defined by

|Zl|2 |Z2|2

21|24 [22]2 + |23]2 [21|? + |22]? + 23]

).

[21: 291 23] = (

However, we can actually extract a trisection from this map already without perturbing it
into a Morse-2 function.

Example 5.2.5 ((1,0)-trisection of CP? produced by the moment map). Write CP? =
{[z1,20,23) + zi € C,[z1 : 20 1 23] = [Az1 © Azg @ Az3], A € C\ {0}}. Consider the map
i CP? — R? defined by

121\2 \22\2
21| 4 [22]2 + |23]2 [21|? + |22]? + |23]?

[21 129 23] = (

).
One can verify that the image of the map is the triangle T" with vertices (0, 0), (0,1), (1,0)
on the plane. In particular:

1. For p € {(0,0),(0,1),(1,0)}, p~'(p) are points;

2. For p € int(T), u~*(p) are tori;

3. For p € 9T\ {(0,0),(0,1),(1,0)}, u~*(p) are circles.

To obtain a trisection of CPP?, we will “trisect” this triangle 7" in R? and lift this decomposition
to CP2. Mark (é, é) € T and connect it to the midpoints of the three edges respectively.
This decomposes T into three closed disks D; for i € {1,2,3} with boundary dD; = I;.
Lifting this decomposition to CP?, we will see that:
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Figure 5.4: The trisected triangle T C R2.

LS = (L) = T
2. ,Lbil(lz) >~ D? x Sl,

3. ,u_l(D,) = B4.

5.3 Stabilization of Trisection

Definition 5.3.1 (Stabilization). Given a trisection 7 = (X, X7, X5, X3) of a 4-mani-
fold X and an index i € Z/3Z, an i—stabilization of this trisection is a trisection 7' =
(X, X1, X5, X4) obtained as follows:

1. Choose some properly embedded and boundary parallel arc a in Hg_1yi+1) = Xi—1 N
X,41, with a regular neighborhood v = B3 x a, so that v N X; = B3 x da and and
VﬂleXgﬂXg gBQ X Oa.

2. Let X] = X, Uv;
3. Let X/, = Xy \ 1.

Any two i—stabilizations of the same trisection are isotopic. However, 1-stabilizations, 2
—stabilizations and 3-stabilizations are necessarily different. In particular, an i—stabilization
turns a (g; k1, ko, k3) trisection into a (g + 1; k1, k5, k%) trisection where kf = k; + 1 and,
for j # i, k; = k;. For a balanced (g, k)-trisection, a “stabilization” means performing one
1-stabilization, one 2-stabilization and one 3—stabilization, which is defined more precisely in
Definition 5.3.2 below. This contrasts with stabilizations of Heegaard splittings in dimension-
3. While a stabilization of a Heegaard splitting also increases the genus by 1, there is a unique
stabilization up to ambient isotopy.|[5]

Definition 5.3.2 (Balanced stabilization of a trisection). Given a (g, k)-trisection of a 4-
manifold (X, X, Xs, X3), we can construct a new trisection (X, X7, X}, X}) as follows: For
every i # j € {1,2,3}, let H;; be the handlebody X; N X}, with boundary ¥, = X; N XN X5.
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Figure 5.5: Balanced stabilization in dimension 3. [4]

Let a;; be a properly embedded boundary parallel arc in each H;;, such that the endpoints
of a2, ass and ag; are disjoint in 3,. Let v;; be a closed 4-dimensional regular neighborhood
of a;; in X (and thus homeomorphic to B*), with 112, 153 and v3; disjoint and sz an open
4-dimensional regular neighborhood.

Define

L X{ = (X1 Uwsg) \ (V?n U V(iQ);
2. X = (XoUws)\ (V;3 U Vi?);
3. X{ = (Xg U 1/12> \ (Vc2>3 U 1/%1).

This operation of replacing (X, X1, Xo, X3) with (X, X7, X}, X)) is called the balanced
stabilization of a (g, k)-trisection.

Since any two boundary parallel arcs in a handlebody are isotopic, this operation does
not depend on the choice of arcs or neighborhoods. [4]

Just as a stabilization of a Heegaard splitting is again a Heegaard splitting, the stabi-
lization (X, X7, X3, X4) of a trisection of X is again a trisection of X.

For each X;, adding the 4-dimensional neighborhood v, of an arc, which meets X; in
two B3, is equivalent to adding a 4-dimensional 1-handle to X;. On the other hand, since
vi; C Hj; C 0X; and vy, C Hy C 0X;, removing the two open neighborhood sz U Ui
from the boundary of X; can be realized by an isotopy of X; and thus does not change
its diffeomorphism type. Hence, after a balanced stabilization, X; = §¥S! x B? becomes
X! =gk+t1S1 x B3 for each i € {1,2,3} and the genus becomes ¢’ = g + 3.

We can now add a uniqueness statement to our existence statement in Theorem 5.1.3.

Theorem 5.3.3. Every closed, connected, oriented 4—manifold has a trisection, and any two
trisections of the same J—manifold become isotopic after some number of stabilizations.
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Figure 5.6: Standard diagrams needed for the definition of trisection diagrams.[5]

More precisely, let (X, Xy, Xo, X3) and (X, X1, X}, X3) be two trisections of X. Then,
after stabilizing each trisection some number of times, there is a diffeomorphism h : X — X
isotopic to the identity with the property that h(X;) = X for each i. In particular, h(X; N

5.4 The Diagrammatic Perspective

Recall that a Heegaard diagram encodes the splitting of a 3-manifold with an oriented surface
and two sets of simple closed curves. In this section, we will see how one can understand
trisections of 4-manifolds diagrammatically in an analogous way.

Definition 5.4.1 (Trisection diagrams). A (g; ki, ko, k3) trisection diagram is a tuple
(X4, 0, B,7), where 3 is a closed oriented surface of genus g and the triples (X, o, ), (X, 5,7)
and (3,7, «) are each slide diffeomorphic to the standard Heegaard diagram (3, a%*i, 39:ki)
shown in Figure 5.6. (Here i = 1 for (o, ), i = 2 for (8,v) and i = 3 for (vy,«).) [5]

Or equivalently, «, 3,7 each form a cut system of X, and the triples (X, o, ), (2, 5,7)
and (3,7, a) each forms a Heegaard diagram for #%i St x S2. [4]

Now let’s relate trisection diagrams to trisections.
Lemma 5.4.2 ([5]). Given a trisection diagram D = (X, «,3,7), there is a 4—manifold
X = X(D) with trisection T (D) = (X, X1, X2, X3) such that ¥ = X; N Xy N X3, oriented
according to the conventions in Definition 5.1.1, and such that the o curves bound embedded
disks in X3 N X1, the 8 curves in X1 N Xs, and the v curves in Xo N X3.

Moreover, any other trisected j—manifold satisfying these same properties with respect to
the given diagram D is in fact orientation preserving diffeomorphic to T (D).

For every trisection T = (X, X1, Xo, X3) of a 4—manifold X there is a trisection diagram
D such that T = T (D).

Figure 5.7 exhibits a selection of trisection diagrams. The easiest way to see this is
probably the first characterization in Definition 5.4.1. The triples (X, a, ), (X, 3,7), and
(33,7, ) of all the trisection diagrams but the genus-3 one already forms standard Heegaard
diagrams for #%S; x S2.

Example 5.4.3. Let’s show that Figure 5.8 is a (1;1,0, 0)—trisection of S*.
Let B> = B3 x B*={(z,y) : * € B3,y € B?} and S* = 9B°. Then, we can write
S* = 0(B* x B?) = (0B x B*) U (B® x 0B?)
= (S* x B U (B* x S (5.1)
= (B2 x B*)U (B2 x B*) U (B®* x S,
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Figure 5.7: A selection of trisection diagrams. Red is «, blue is § and green is 7. [5]

Figure 5.8: The standard (1;1,0,0)-trisection of S*.
where the last equality was obtained by writing S* = B2 U B%. Now, let Xy = B} x B?,
X35 = B2 x B? and X; = B? x S'. Then:
1. X, 2 X3~ Btand X, = B? x S%;
2. X;N X1 =8 x B2 Indeed,
XoNX;= (B2 xB*)N (B2 x B*)=(B2NB%) x B>=S'x B
XsN X, =(B2xBHN(B*xS")=(B2NnB* x (B*nS") =B xS,
XiNXy=(B*x SN (BY x B* = (B*NB%) x (S'NB?%) =5"x B;
3. The triple intersection is

XiNXoNX;=(X3NX1)N(XaNX;)
St x B})N (B2 x S
B2 NB?) xS

=5, xS,

=
= (

where S} C B® and S} = 0B*.
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Figure 5.9: Diagram illustrating Example .

In particular, for every x € S}, {z} x S, bounds a disk in X, N Xj; for every y € S},
Sl x {y} bounds a disk in both X3 N X; and X; N X,. In view of Definition 5.4.1, the tuple
(5% X1, X5, X3) thus forms a genus-1 trisection corresponding to the diagram in Figure 5.8.

Recall that stabilization of Heegaard splittings can be related to Heegaard diagrams.
Similarly, stabilization of trisections also translates into operation on the trisection diagrams.
As before, we will define diagrams which will be called “standard”;, which we’ve just shown
to be trisection diagrams of S%.

Definition 5.4.4. The standard genus 1 (1;1,0,0) trisection diagram for S* is the diagram
D; = (T?% p, u, \) shown in Figure 5.8. Cyclically permuting the curve systems gives the
standard (1;0,1,0) diagram D} and the standard (1;0,0, 1) diagram Dj.

Figure 5.10: The connected sum of three unbalanced trisections of genus 1 gives a balanced
(3, 1)-trisection for S*.

Lemma 5.4.5 ([5]). Given a trisection diagram D with associated trisected 4—manifold T =
T (D), let T' be the result of an i-stabilization of T. Then T' = T (D#D;).

Given two trisection diagrams D and D', with T(D) = (X, X1, Xs, X3) and T(D') =
(X', X1, X5, X5), we have that X = X' if and only if, for some ki, ko, ks and ki, kb, k%, the
following two trisection diagrams are slide diffeomorphic:

DH#(#" DY) #(#"D3)#(#5 D;)
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and

D#(# D) #(#D5)#(#% D3).

As a consequence of Lemma 5.4.4, a balanced stabilization for a balanced trisection
translates to trisection diagram as follows. Given a trisection diagram D = (X,, o, 8,7) for
a balanced (g, k)-trisection, T = T (D#D*), where D* = Di#D;#Dj is a balanced (3,1)-
trisection of S*, as shown in Figure 5.10. In particular, 7 (D#D*) is a (g+3, k+1)-trisection.

5.5 The Fundamental Group

Finally, let’s just briefly remark that one can extract information about the fundamental
group of a 4-manifold from a trisection just as we did for Heegaard splitting of a 3-manifold.

Provided that we have a (g; k1, ko, k3)-trisection T = (X, Xy, Xy, X3), we have my (Hj(41)) =
m (5951 x B?) = F9, the free group on g generators. Moreover, each of the X; has funda-
mental group 1 (X;) = m (5*ST x B?) = F* the free group on k; generators.

Since X; N Xy = Hiy is path-connected, we can apply Theorem 2.1.11 to first find a
presentation of the fundamental group 7 (X; U X5) by taking the free product of 7 (X;) and
m1(X2) amalgamated along 7 (X; N X3). Then, take X = X, UX,, so that X UX;3 = X and
X N X5 = Hy3 U Hsy. Applying Theorem 2.1.11 again, we can find a presentation for 7 (X)
by taking the amalgamated free product of 71(X) and 7 (X3) along 7 (Has U Ha).
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