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Abstract

In this thesis, we consider a class of function on R¢, called positive homogeneous functions, which
interact well with certain continuous one-parameter groups of (generally anisotropic) dilations.
Generalizing the Euclidean norm, positive homogeneous functions appear naturally in the study
of convolution powers of complex-valued functions on Z?. As the spherical measure is a Radon
measure on the unit sphere which is invariant under the symmetry group of the Euclidean norm,
to each positive homogeneous function P, we construct a Radon measure op on S = {n € R? :
P(n) = 1} which is invariant under the symmetry group of P. With this measure, we prove
a generalization of the classical polar-coordinate integration formula and deduce a number of
corollaries in this setting. We then turn to the study of convolution powers of complex functions
on Z? and certain oscillatory integrals which arise naturally in that context. Armed with our
integration formula and the Van der Corput lemma, we establish sup-norm-type estimates for
convolution powers; this result is new and partially extends results of [21] and [22]. Much of this
thesis is based on the article [5].
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Chapter 1

Introduction

In this thesis, we make two distinct studies, a study of surface-carried measures and associated
(generalized) polar-coordinate integration formulas and a study of the convolution powers of
finitely-supported complex-valued functions on Z?. Though these topics appear unrelated, we
will utilize the former (Theorem 3.1.1) as a tool to deduce certain estimates for oscillatory inte-
grals, which are subsequently used to prove a new result related to the latter (Theorem 5.1.2).

1.1 A generalized polar-coordinate integration formula

In R?, we can write every non-zero z in its polar/spherical coordinates as = = r7(f, $) where
r = |z| > 0and (0, ¢) = (sinf cos ¢, sin @ sin ¢, cos #) is a unique point on the unit sphere. With
this parameterization, we obtain the integration formula

0 27 T
_ 2 :
» f(zx) da;—/o /0 /0 flrn(0, ¢))r<sinfdl de dr,

where the formula breaks the computation into integration over a radial part (integration over r)
and an angular part (integration over the polar and azimuthal angles). In d dimensions, we may
generalize this approach by introducing the spherical measure for the angular part. To introduce
this generalization, we let m be the Lebesgue measure on R?, and write dz = m(dr) = dm(x). Let
S denote the standard unit sphere in R%. The spherical measure is the canonical Radon measure
on S for which O(S) = d - m(B) and ©(OF) = ©(F) for every orthogonal transformation O and
Borel set I' C S. With this measure, we state the classical polar coordinate integration formula as
follows: For every f € L'(R?) (or non-negative measurable f),

» f(z) dz:/8</ooo f(m)rd—ldr) O(dn) :/OOO (/S f(rn)@(dn)) rd=t dr, (1.1)

Precise formulation of this classical result can be found in [26] and [11]. For two interesting appli-
cations which provide some useful context, we encourage the reader to see [3] and [10].

In this thesis, we generalize the polar-coordinate integration formula (1.1) and its correspond-
ing measure © in a way that is well-aligned to the analysis of certain oscillatory integrals which
appear in the study of convolution powers of complex-valued functions on Z¢. Inspired by the
classical integration formula, our generalized integration formula also breaks the integration over
R? into a radial integration and an angular integration. However, the spherical measure in the

7



8 CHAPTER 1. INTRODUCTION

classical formula is replaced by a more general surface-carried measure which arises naturally
from the (Fourier) analysis of convolution powers. Our generalized formula will prove to be a
useful tool in the analysis of such oscillatory integrals, leading to the advertised sup-norm-type
estimate (Theorem 5.1.2) for convolution powers of complex-valued functions and, in a forthcom-
ing article, a theory of local limit theorems.

To describe the generalized polar coordinate integration formula treated in this article, we must
first introduce a class of functions on R? which share several desirable properties with the Eu-
clidean norm. This gives rise to the notion of positive homogeneous functions, which we will
define and study in Chapter 2. First, let us introduce the other main focus of this thesis: a study of
convolution powers of complex-valued functions.

1.2 Beyond the Classical Local (Central) Limit Theorem

In random walk theory and probability theory, convolution powers are of central importance.
Given a sequence X1, Xo, - - - € Z% of i.i.d. random vectors with a common probability distribution
¢,i.e., foreachk=1,2,...,

¢(z) = P(Xy = )

forall z € Z?, we consider the sequence of random vectors Sy, S, . .. where S, = X1+ X+ -+ X,
for each n € N,. S, represents the position of a random walker after n steps where each step is
taken according to ¢, independently of the last step. The sequence {S,,} is called a random walk
driven by ¢.

Using the fact that the random vectors X1, Xo, ... areii.d, we may compute the distribution of S,
as follows. Since S; = X, the distribution of S} is simply ¢. To compute the distribution of S5, for
each = € Z%, we have

P(SQ = a:) = P(Xl + X9 = :ZJ)

= P()(Q:::x —-)(1)

= ZIP’(ngx—gAXl:y)
yezZd

= ) P(Xy=z-yPX =y)
y€Z4

= ) e —y)ey)
y€Z4

where the penultimate equality follows from the independence of X; and X». In other words, the
distribution of S is given by the convolution of ¢ with itself:

(6 0)(x) =) ¢y —2)d(y).
y€eZ4
By induction, the distribution of .5,, is the nth-convolution power of ¢ and is defined iteratively by
o)=Y oV w—y)oly) = oV oV
yEZa

forn =2,... and z € Z% where ¢(!) = ¢.
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Example 1. Consider the following simple random walk driven by ¢ : Z¢ — R, which is given by

o) = {1/2d, z = +e;

0, otherwise

for j = 1,2,...,d, where e; denotes the unit vector pointing in the jth direction. Here, S,, repre-
sents the position of the random walker after n steps where each step is taken uniformly in any
direction on the lattice, independently of the last step. For d = 2,

1/4, x = (0,0)

s, z = (£1,=£1)
@x9@ =3 1/16, 2= (=2.0)0r (0.42)"
0, otherwise

Figure 1.1 shows the distribution of S,, for n = 10 and n = 200.

1671

I ¢(200)|

x1073
0.06 35

3

(a) n = 10. (b) n = 200.

Figure 1.1: Distribution of S,, for n = 10 and n = 200.

A

Two interesting concepts in random walk theory are recurrence and transience. A random walk
is recurrent if it visits its starting position infinitely often with probability one and transient if it
visits its starting position finitely often with probability one

Definition 1.2.1. Let {X,,} be a collection of Z%-valued i.i.d random vectors with zero mean and
consider the associated random walk {S,,}. We say that the random walk is called recurrent if

P(S,, = 0 for infinitely many n) = 1.

It is called transient if
P(S,, = 0 for infinitely many n) = 0.
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What’s amazing is that the two possibilities of recurrence and transience for a random walk are
collectively exhaustive: A random walk is either recurrent or it is transient. This is a consequence
of the first and second Borel-Cantelli Lemmas. The following theorem gives a characterization of
recurrence and transience in terms of the convolution powers of the distribution ¢.

Theorem 1.2.2. The random walk driven by ¢ is recurrent if and only if > 0% $(™(0) = oc.

It can be shown that a simple symmetric random walk on Z¢ is recurrent in dimensions d = 1,2
and transient in dimensions d > 3. A famous quote by Shizuo Kakutani summarizes this result
as follows: “A drunken man will always find his way home but a drunken bird may get lost for-
ever.” Here, we are of course assuming that the motion of both biological entities can be described
as simple random walks. For a more thorough description of random walk theory, the reader may
refer to [25].

Fourier analysis allows one to learn about the asymptotic behavior of ¢(™ asn — oo. For example,
when ¢ is associated with a random walk that is symmetric, aperiodic, irreducible, or of finite
range (The reader may again refer to [25] for more details regarding these terminologies), one
may establish the following theorem (Theorem 1.2.3). The first statement concerns the sup-norm
behavior of $(™ and helps one determine if the random walk is recurrent or transient. The second
is the celebrated local limit theorem (originally stated by Abraham de Moivre for independent
Bernoulli trials and proved by Pierre-Simon Laplace [18]). The third is a so-called Gaussian-type
estimate.

Theorem 1.2.3. Let ¢ be a symmetric, aperiodic and irreducible probability distribution on Z< with
finite variance.

1. There are positive constants Cy, Cy for which

Cl n C2
W < ||¢( )Hoo < m

forall n € Ny, where ||[¢(™ || oo = sup,eza |0 (2)).

2. There exists a simple point-wise description of ™) in the large n limit: The classical local limit

theorem states that . .
n B z
QS( )(m)_ind/Qq)qs (’nd/2>+0<nd/2>

uniformly for x € 74, where ®, is the generalized Gaussian density

i) _ 1 C —iTE ge 1 x: qulx
¢(:U) - (27)11 /]Rd €xXp (_5 : ¢§) € { - (27’[’)d/2\/m €xXp _T )

with Cy the positive definite covariance matrix associated to ¢.
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3. A global point-wise estimate for ¢\™) is the so-called Gaussian estimate: There are positive con-

stants C' and M for which
C M|z|?
(n) — _
¢ (I)Sndﬂexp< n )

forall x € Z¢ and n € N, where | - | denotes the Euclidean norm.

Example 2. To illustrate the claim of the first item of Theorem 1.2.3, we may return to the simple
random walk in Z? from Example 1. Figure 1.2 shows that sup |¢(™)| decays like 1/, as expected.

—e—log,, f(n) 08 —o—H(n) |-
1 —_1
—log,(n™) 07l n

06
05F
0.4 r

031

Y

(; 5‘0 1(;0 1tl>0 2(;0 25‘0 360 35;0 4(;0 4“%0 5(;0
Iogz(n) n
(a) n = 300. (b) n = 600.

Figure 1.2: The decay of f(n) := sup |¢(™)| in n. Here, ¢ is defined in Example 1 for
d=2.

A

When ¢ is not necessarily a probability distribution, the question of whether one can still obtain
global and local /point-wise decay estimates and descriptions of its convolution powers ¢(™ in the
large n limit remains valid despite the lack of an underlying stochastic (probabilistic) process !. In
the works of Persi Diaconis, Evan Randles, and Laurent Saloff-Coste (see, for example, [21], [22],
[7]), one drops the positivity and real-valuedness of ¢, and considers the collection of absolutely
summable complex-valued functions ¢ defined on the d-dimensional integer lattice 72 i.e., thisis
the set of functions ¢ : Z? — C for which

i = Y [é(@)] < oo.

z€Z4

We denote this collection (a Banach space) but ¢!(Z4). For each such ¢ € ¢(Z%), one can com-
pute its convolution powers? ¢(™) (as done in the probabilistic setting) and study the asymptotic
behavior of qS(”). As illustrated in Example 3, one still finds rich limiting behaviors of QS(”), many
of which do not appear in the probabilistic setting.

!There is a related generalized notion of “pseudo-process” whose steps are driven by “pseudo random variables”
whose distributions are signed (See [14]).
*Equipped with the convolution product, £* (Z*) becomes a Banach algebra.
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Example 3. Consider the function ¢ : Z> — C defined below. Figure 1.3 shows the real part of ¢("
for n = 300 and n = 600.

CHAPTER 1. INTRODUCTION

(602 —112i  (x,y) = (0,0)
56 + 321 (a:,y) = ( 1,0)
72 + 321 (z,y) = (1,0)
) 56 4 327 (x,y) = (0,+£1)
P(x,y) = 68 X —28—8i (w,y) = (0,£2)
56 (x,y) (0,£3)
4 (x,y) =(—1,%1)
4 (2,) = (1,%1)
L0 otherwise.
Re(¢(300)) Re(¢(6°°))
0.02 0.015

0.015 0.01
0.01
0.005
0.005

-0.005 -0.005

-0.01 -0.01

50 50
50
0
0

Y 50 -50 X Y 50 -50 X

(a) n = 300. (b) n = 600.
Figure 1.3: The real part of ™ for (a) n = 300 and (b) n = 600
A

In contrast to the probabilistic setting (as see in Example 1 (with your pictures), the non-Gaussian
behavior of ¢(™ for a general complex-valued ¢ calls for new analysis and theory beyond The-
orem 1.2.3.. This is the main objective of the recent papers [21], [22], [7], in which great strides
have been made towards proving local limit theorems for a large class of sufficiently nice func-
tions ¢. In [21], the theory is developed for the case where ¢ is defined on Z. Extending earlier
works by Thomée, de Forest, Schoenberg?, and Greville and using techniques of Fourier analy-
sis, [21] not only established asymptotic bounds for the sup-norm of the convolution powers of
finitely-supported complex-valued functions on Z but also proved extended local limit theorems
pertaining to this entire class. In [22], a local limit theorem is attained for the case concerning the

*Mathematician Isaac Jacob Schoenberg (1903-1990) was a Romanian-American Assistant Professor of Mathematics
at Colby College from 1936 to 1941. He is most well-know for his discovery of mathematical splines — special functions
defined piecewise by polynomials.
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d-dimensional integer lattice; however, it is only applicable to special subset of ¢’s. The natural
next step is therefore to generalize the result of [22] to all admissible ¢ on Z¢.

In this thesis, we will mainly be concerned with the question of how the sup-norm of ¢(™) decays
in n, which is paralleled by Item 1 in Theorem 1.2.3, and our goal is to obtain a global estimate
for ||¢(™||o. The following theorem (Theorem 1.1 of [21]) provides a complete answer for finitely
supported functions in Z¢ where d = 1.

Theorem 1.2.4 (Theorem 1.1 of [21]). Let ¢ : Z — C be finitely supported and whose support
contains more than one point. Then there is a natural number m > 2, and positive constants, A, C,
and C' such that

Cn—l/m < A—n||¢(n)||oo < C/n—l/m

for all natural numbers n. Here, A = sup |q§(§)| where ¢ is ¢'s Fourier transform, introduced in our
Chapter 5.

Theorem 1.4 of [22] (Theorem 1.2.5 below) treats the d > 1 case and considers “sufficiently nice”
rather than an all encompassing class of functions. Its hypotheses will be defined in Chapter 5; the
objects Sy, 14, §2(¢) and the notion of positive homogeneous type are due to [22] and will be made
more precise in the following chapters. The reader may refer to [22] for their definitions; however,
knowing these definitions is not a prerequisite for what is to come in this paper.

Theorem 1.2.5 (Theorem 1.4 of [22]). Let ¢ € Sy be such that sup |$| = 1 and suppose that each

& € Qo) is of positive homogeneous type for ¢. Then there are positive constants pg, C, and C’ for
which
C'n" < ¢ s < CnHe

foralln € N.

The main idea of the above result is that, similar to the results of [21], one can obtain a uniform sup-
norm bound for the convolution powers of ¢ when d > 1, but under the positive homogeneous
condition. One main objective of this thesis is thus to relax this condition and partially extend the
above theorem. This requires the generalized polar-coordinate integration formula, which we will
formally construct in Chapter 3.

1.3 Some notational conventions

In addition to the conventions outlined in the previous sections, we shall denote by N, and N
the set of (non-negative) natural numbers and positive natural numbers, respectively; the d-tuples
formed by elements of these sets will be denoted by Z4¢, N, and N%. Our setting is d-dimensional
Euclidean space R? with coordinates (z!,2?,...,2%) equipped with the dot product and associ-
ated Euclidean norm. We take R? to be equipped with its usual topology and (oriented) smooth

structure. Given » € R? and R > 0, the open ball with center z and radius R is denoted by Bg(x)
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and its corresponding sphere is denoted by Sr(z). We write B = B;(0) to denote the standard
unit ball in R%. For a subset A of a topological space, we denote by Int (A), A, and JA its interior,
closure and boundary, respectively. We shall denote by End(R?) the collection of linear transfor-
mations on R? and by My(R) the corresponding set of d x d real matrices. We denote by G1(R?)
the general linear group and by Gl;(R) the corresponding group of d x d invertible real matrices.
For E € End(R?) (or E € My(R)), || E|| will denote the so-called operator norm.



Chapter 2

Positive Homogeneous Functions

In this chapter, we make precise and extend the definition of positive homogeneous polynomi-
als as it appeared in [22]. We also introduce the notions of subhomogeneous functions and
strongly subhomogeneous functions, which appear alongside positive homogeneous polynomi-
als/functions in a certain Taylor expansion related to the Fourier transform of ¢. These classes of
functions are key ingredients for estimating the convolution powers of ¢ via the Van der Corput
lemma, particularly in the cases where oscillatory integrals are involved. This chapter is essen-
tially Section 2 of [5].

To start, we shall review the notion of continuous one-parameter groups defined in Definition
2.0.1. Continuous one-parameter groups appear naturally when one characterizes the radial scal-
ing when parameterizing R?. For instance, in the usual polar coordinates, we have isotropic
scaling in the radial variable r and can simply choose our continuous one-parameter group to be
one which corresponds nicely with the Euclidean norm: {7} },~¢ = 7¥ where E = diag(1/2,1/2)
in the standard representation. It is clear that {7} },~¢ is a group, and that any point v € R¢\ {0}
can be written uniquely as r®n where n € S. In general, E needs not be a multiple of the iden-
tity transformation I (whose standard representation is of course diag(1,1)). In such cases, we
have anisotropic scaling. For example, let E’ be diag(1/2,1/4) in the standard basis. Any point
v € R?\ {0} can also be written uniquely as 71/ where 1/ € {(n},1,) € R2 : /3 +1/3 = 1} and
r > 0.

Definition 2.0.1. {7} },~0 C G1(R?) is said to be a continuous one-parameter group if
1. T, is continuous in r (in the usual topology of G1I(R?));
2. Ty = 1, where 1 denotes the identity map on RY;

3. Ty = Ty, Ty, for all u,v > 0.

It is well-known (c.f., [8,9,22]) that every continuous one-parameter group {7, } has the unique
representation

_ B _ _ o~ (Inr)*
T, =r" =exp((lnr)E) = kZ: o E
=0

15
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for some E € End(R?). F is called the (infinitesimal) generator of {7}, and {7,} is said to be
generated by E. For simplicity, we shall use this representation throughout the paper, i.e., any
element of {7} },~¢ has the form r¥. We write T, = r¥ to be explicit about E.

An important possible feature of a continuous one-parameter group {7} },>0 is the contracting
property. Intuitively, this means that the radial scaling becomes vanishingly small as the param-
eter r approaches 0. This property will become useful in our construction of the measure on 5,
where it is used to contract sufficiently nice sets ' C S into the unit ball. Here, S is the unital level
set of a positive homogeneous function to be introduced later in this section.

Definition 2.0.2. A continuous one-parameter group {1} is said to be contracting if

lim || ;.|| = 0.
r—0

The next two results follow immediately from this definition. The first result is by virtue of conti-
nuity and the Banach-Steinhaus theorem (or, the uniform boundedness principle), while the sec-
ond by the continuity of the determinant with respect to the operator norm. The proof of Proposi-
tion 2.0.3 is presented in Appendix 6.1.

Proposition 2.0.3. Let {7} be a continuous one-parameter group. Then {T.} is contracting if and
only if for all z € R,
lim |T,z| = 0. (2.1)
r—0

Proposition 2.0.4. Let {T,} C GI(R?) be a continuous one-parameter group with generator E. If
{T} is contracting, then tr E > 0.

Proof. The supposition that {7} is a contracting group implies that 7 — 0 in the operator-norm
as r — 0; here 0 is zero transformation. Because the determinant is continuous with respect to the
operator norm, we have

0 = det(0) = det (lim TE) = lim det (rE) = lim r¥ ¥

r—0 r—0 r—0

in view of the preceding proposition. Therefore, tr £ > 0. O

Now we are ready to define the notion of “positive homogeneous functions.” Recall the previous
example of anisotropic scaling in which any point v € R? can be written as 7 where E has
standard matrix representation diag(1/2,1/4) and n € {(n1,72) € R? : P(n1,m2) = n? +n3 = 1}.
We observe that the function P is “homogeneous” with respect to the matrix £ in the sense that

P(rfz) = <r1/2x1>2 + (7"1/41'2)4 =rP(x)
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for all z € R? and r > 0. Because such functions (which are not necessarily polynomials, as we
will see) often show up in estimating convolution powers and their attractors, we will generalize
and make precise this notion of homogeneity. In what is to follow, for a function P : R? — R, we
shall call
S={neR’: P(n) =1}

the unital level set of P. We say that P is positive definite if P is non-negative and P(x) = 0 only
when z = 0. Given a continuous one-parameter group {7}, we say that P is homogeneous with
respect to {7, } if

rP(z) = P(T,z) = P(rfz) (2.2)

for all » > 0 and x € R%. For a given map P : R? — R, the set of all E for which (2.2) is satisfied is
called the exponent set of P and shall be denoted by Exp(P). We note that even though P often
appears as a polynomial in the convolution powers setting, we only require that it be a continuous
function.

The forthcoming Proposition 2.0.5 relates the unital level set S to the contracting group {r¥}
for a positive-definite P and lists the (equivalent) defining characteristics of a positive homoge-
neous function. This characterization highlights an interplay between positive definite functions,
contracting groups, and unital level sets and sets the stage for our definition of positive homoge-
neous functions.

Just before we state and prove this proposition, however, we introduce some notation and
point out some basic topological objects connected to positive homogeneous functions. Given a
positive homogeneous function P, we define

B, ={¢ecR: P(&) <r} and Al ={ceR?: 5 < P(¢) <r}

for r > 0and 0 < s < r; these are P-adapted analogues of the Euclidean ball, B,, and the annulus
of inner radius s and outer radius r, respectively. In view of of Proposition 2.0.5 and the continuity
of P, we see that, for each r > 0, B, is open and B, is compact. Further, by setting B = By, itis a
straightforward exercise to see that B = B U S where 9B = S is the unital level set associated to
P.

Proposition 2.0.5. Let P : RY — R be continuous, positive definite, and have Exp(P) # @. The
following are equivalent:

(a) S is compact.
(b) There is a positive number M for which
P(z)>1
forall |x| > M.
(c) Foreach E € Exp(P), {r¥} is contracting.
(d) There exists E € Exp(P) for which {r¥} is contracting.

(e) limy_soo P(z) = o0.
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Proof. In the case that d = 1, it is easy to see that every function satisfying the hypotheses is of the
form

Plz) = P(1)z® forz >0
| P(=1)(=2)* forz <0

for some o > 0 where P(1), P(—1) > 0 and Exp(P) consists only of the linear function z — z/a.
In this setting, it is easy to see that Conditions (a)—(e) are satisfied (always and) simultaneously.
We shall therefore assume that d > 1 for the remainder of the proof.

(a) = (b). Given that S is compact, it is bounded and so we have a positive number M for which
P(z) # 1 for all |x| > M. Observe that, if for two points z1,z2 € R4 \ Bas, P(z1) < 1 < P(x2)
or P(z2) < 1 < P(x1), then by virtue of the path connectedness of R? \ B,; and the intermediate
value theorem, we would be able to find 2y € R?\ B, for which P(z¢) = 1, an impossibility.
Therefore, to show that Condition (b) holds, we must simply rule out the case in which P(x) < 1
for all |z| > M. Let us therefore assume, to reach a contradiction, that this alternate condition
holds. In this case, we take F € Exp(P) and y € R?\ {0} and observe that

. E _ . _
Thﬁrgo P(r®y) = Thﬁrgo rP(y) = co.

By virtue of our supposition, we find that [r£y| < M for all sufficiently large r. In particular, there
exists a sequence r; — oo for which |rFy| < M for all k and

lim P(rfy) = oc.
k—o0
Because B, the closure of By, is compact, {rf y} has a convergent subsequence which we also
denote by {rFy} by a slight abuse of notation. In view of the continuity of P at  := limj_,o. 1Ly,
we have
P(n) = lim P(rkEy) = lim r,P(y) = oo,

k—o0 k—o0

which is impossible. Thus Condition (b) holds. /

(b) = (). We shall prove the contrapositive statement. Suppose that, for E € Exp(P), {r¥}
is not contracting. In this case, by virtue of Proposition 2.0.3, there exists z € R?\ {0} and
a sequence r;, — 0 for which rZz does not converge to zero in R%. If our sequence {rZz} is
bounded, then it must have a convergent subsequence {rfmx} with non-zero subsequential limit
1 = limpy, 0 £ x. By the continuity of P, we have

P(n) = lim P(rf )= lim 7, P(z) =0
m—+00 m k—o00

which cannot be true for it would violate the positive definiteness of P. We must therefore con-

sider the other possibility: The sequence {rZz} is unbounded. In particular, there must be some

ko for which r, < 1/P(x) and |r,]j;x| > M. Upon putting y = rfox, we have |y| > M and

P(y) = P(r,ﬁ) x) = 1k, P(x) < 1 which shows that Condition (b) cannot hold. /

(¢) = (d). This is immediate. /

(d) = (e). Let E € Exp(P) be such that the one-parameter group {r”} is contracting and let
{z1} C R? be such that limy_,« || = oo. By virtue of Proposition 6.1.7, there exist sequences
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{rr} € (0,00) and {nx} € S for which rkEnk = x;, for all k¥ and lim_,o, 7, = 0o. Given that P is
continuous and strictly positive on the compact set S, we have inf, cs P(n) > 0 and therefore

liminf P(zy) = liminf rp P(n;) > liminf ry (inf P(n)) =00
k k k nes

showing that limy_,~, P(x)) = oo, as desired. /

(e) = (a). Because S is the preimage of the closed singleton {1} under the continuous function
P, it is closed. By virtue of Condition (e), S is also be bounded and thus compact in view of the
Heine-Borel theorem. /

O

The characterizing Proposition 2.0.5 gives us the following definition.

Definition 2.0.6. Let P : R? — R be continuous, positive definite and have Exp(P) # @. If any one
(and hence all) of the equivalent conditions in Proposition 2.0.5 are fulfilled, we say that P is positive
homogeneous.

Example 4. For any a > 0, the ath-power of the Euclidean norm = +— |z|® is positive homoge-
neous. In this case, the unital level set S is the standard unit sphere S = S;, B =B = By, and

Exp(| - [) = 1+ o(d)

where I is the identity and o(d) is the Lie algebra of the orthogonal group O4(R) and is character-
ized by the set of skew-symmetric matrices. A

Example 5. In the language of L. Hormander [13], consider a semi-elliptic polynomial of the form

P(z) = Z anr”, (2.3)
|a:n|=1
wheren = (n1,na, ..., ny) is a d-tuple of positive even natural numbers!, and, for each multi-index
a=(a1,,...,aq) € N9,
d
la:n| = %,
=1 "
and
2= (@) (@) (o)™
for z = (2!, 2%,...,2%) € R% If we consider E € End(R?) whose standard matrix representation

is diag(1/n1,1/ng,...,1/ng), we have
P (rfz) = Z aq (rl/"lxl)al (Tl/”Q:rQ)OQ . (rl/”dxd) g Z aqr! Pz = rP(z)
|amn|=1 |a:n|=1

for all z € R? and r > 0 and therefore E € Exp(P). It is easy to see that 7, = r¥ is a contracting
group and so we have the following statement by virtue of Proposition 2.0.5:

'In Section 5.2, we will write this as n = 2m for m € N%.
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If a semi-elliptic polynomial P(z) of the form (2.3) is positive definite, then it is positive homogeneous.

For two concrete examples, consider the polynomials P; and P, on R? defined by
3
Pi(zy)=a®+y"  and  Pye,y) ="+ Sy’ 4y

for (z,y) € R2. Itis straightforward to see that P, and P are both positive definite and semi-
elliptic of the form (2.3) with n = (2,4). Figure 2.1 illustrates P; and P> along with their associated
unital level sets S; and S2 and corresponding sets By = {(z,y) € R? : Pi(z,y) < 1} and By =
{(z,y) € R? : Py(z,y) < 1} written with a slight abuse of notation.
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Figure 2.1: The left column illustrates the graph of P, with its associated S; and
convex Bj. The right column illustrates the graph of P, with its associated S, and

non-convex Bs.

Remark 1. In [22], a positive homogeneous polynomial P is, by definition, a complex-valued multivariate
polynomial on RY for which Exp(P) contains an element of End(RY) whose spectrum is purely real and
for which R = Re P is positive definite (see Proposition 2.0.7 below). By virtue of Proposition 2.2 of [22],
for each such polynomial P and E € Exp(P) with real spectrum, there exists A € G1(R?) (representing
a change of basis of R?) and a d-tuple of even positive natural numbers n = (ny,na,...,ng) € N& for
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which A='E A has standard matrix representation diag(1/n1,1/na,...,1/ng) and (P o A)(x) is semi-
elliptic of the form (2.3) with, in this case, complex coefficients. It follows that every real-valued positive
homogeneous polynomial (in the sense of [22]) is a positive homogeneous function in the sense of the present
article. Of course, the semi-elliptic polynomials discussed above are positive homogeneous polynomials in
the sense of [22] where A = I. We refer the reader to Section 7.3 of [22] which presents a real-valued
positive homogeneous polynomial which is not semi-elliptic (and so A # I).

A

Example 6. Let ) be a positive homogeneous function with exponent set Exp(Q) and unital level
set Sg = {n: Q(n) = 1}. Given any f € C°(Sy) which is positive on Sg and E € Exp(Q), define
P=Pipg:R'—=Rby

x )" Ex x
P(z) = {32( )/ ((Q(x)Fx) xig

for z € R%. We claim that P is positive homogeneous and F € Exp(P).

Proof. To see this, we first observe that, for any z € R?\ {0}, Q((Q(z))"Fz) = Q(x)/Q(x) = 1
and hence Q(z) "z € Sg and so the above formula makes sense and ensures that P is continuous
on R?\ {0}. Furthermore, because f is continuous and positive on the compact set Sg, we have
0 < ming, f < maxg, f < occ. From this it follows that P is positive definite and, by virtue of the
squeeze theorem, continuous at z = 0. For any » > 0 and = € R4, we have

P(rPz) = Q(rPz) f(Q(rPx) FrPz) = rQ(z) f(Q(z) Px) = rP(x)

and therefore E € Exp(P). Upon noting that {r¥} is contracting by virtue of Proposition 2.0.5, we
conclude that P is positive homogeneous. /

The utility of this construction allows us to see that “most” positive homogeneous functions are
not smooth. To see this, we fix a positive homogeneous function @ € C°°(R?) and remark that S
is necessarily a compact smooth embedded hypersurface of R? (see Proposition 3.2.1). If P = Py
is C°(R%), P| So = [ is necessarily C*°(Sq). It follows that P ¢ C* (R%) whenever f is chosen
from C°(Sg) \ C*(Sg). By precisely the same argument, we see that P € C°(R?) \ C*(RY) when-
ever f € C%(Sg) \ C*(Sg) foreach k € N

As a straightforward example, consider Q(x,y) = |(z,y)| = /22 + y2 on R? with Sg = S and
define

f(z,y) = w(Arg(z,y)) + 3

where w : R — R is defined by
w(t) = Z 27" cos (3"t)
n=0

for t € R. w is 2m-periodic version of the Weierstrass function. The resulting positive homoge-
neous function P is continuous but is nowhere differentiable. Figure 2.2 illustrates this function P
alongside (), and together with their associated unital level sets. We note that Sp # Sg and this is
generally the case unless f = 1.

A
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Figure 2.2: The left column illustrates P’s graph and associated level set Sp con-
taining Bp. The right column illustrates Q’s graph and associated level set Sg

containing B.

In most situations when estimating convolution powers, we are working with a continuous, positive-
definite P and some E € Exp(P). To see if P is a positive homogeneous function, we can check if

the spectrum of E is real. The following proposition captures this result.

Proposition 2.0.7. If P is continuous, positive definite and Exp(P) contains an E € End(R?) with
real spectrum, then {r®} is contracting and hence all of the conditions in Proposition 2.0.5 are (simul-

taneously) met.

Proof. Since Spec(E) is real, the characteristic polynomial of E factors completely over R and so
we may apply the Jordan-Chevalley decomposition to write E = D+ N where D is diagonalizable,
N is nilpotent, and DN = ND. Let vy, va, . .., vq € R? be an eigenbasis of D whose corresponding

eigenvalues A1, Ao, ..., Ag satisfy A\, < A\py; forallk=1,2...,d— 1.
Let us assume, to reach a contradiction, that {r} is not contracting. Repeating the same
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argument given in (b) = (c) in the proof of Proposition 2.0.5, leaves us with only one possibility:
There is a non-zero z = Zle a;v; € R, and a sequence r; — 0 for which |rFz| — co. Letn + 1
denote the index of N, then we have

n d i ;
. (logrg)? -
rfx—r,ivJFD =Dy = E E M(xil\”vi

for all k. Since |rfz| — oo and rj, — 0, at least one eigenvalue of D must be non-positive. To see
this, suppose \; > O foralli =1,2,...,d, then in view of L'Hopital’s rule we have

rlklglo(log )’ rk =0
forany j =0,1,2,...,nand i =1,2,...,d, which implies that ‘rkEa:‘ # oo as r, — 0, contradicting
our assumption. Thus, \; = min{Spec(D)} < 0. Let k be such that NFv; # 0but N¥t1y; = 0, then

[o¢]
(log r)7
rENFy, = rPrN Ny, rDE g Nij = rPNFky, = NFrPoyy = pM Ny,

where we have used the fact that DN = ND. If \; =0, then

oo = lim rP(N*v) = lim P(rPrVN*u;) = lim P(r°N*v;) = lim P(N*v;) = P(N*u;)

T—00 T—00 T—00 r—00

which is impossible since P is continuous at N kv1. On the other hand, if A; < 0, then

oo = lim rP(N*v) = lim P(rPr¥Nkv)) = lim P(rM NFv)) = P(0) =0

r—00 r—00 r—00

which is also impossible. O

Given a positive homogeneous function P, let Sym(P) be the set of O € End(R?) for which

P(Oz) = P(x)

forall z € R?. By virtue of the positive-definiteness of P, it is easy to see that Sym(P) is a subgroup
of GI(R?). For this reason, Sym(P) is said to be the symmetry group associated to P. It turns out
that Sym (P) is a subgroup of SL*(RR?), the group of matrices with determinant +1. Later, we will
show later that the measures of sufficiently nice sets on S are invariant under transformation by
any element of Sym(P), as expected.

Example 7. In Example 4, Sym(| - |%) is precisely the orthogonal group O4(R) and p.j« = d/a.
In Example 5, the symmetric set of a semi-elliptic polynomial P of the form (2.3) depends on
the specific nature of the polynomial in question. Concerning the polynomials P; and P in that
example, it is easily shown that Sym(P;) is the four-element dihedral group D2 and Sym(FP) is
the two-element group consisting of the identity and the transformation (z,y) — (x, —y). For a
semi-elliptic polynomial P of the form (2.3),

1 1 1
ni no Nng

and, in particular, up, = pp, =1/2+1/4 =3/4. A
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Proposition 2.0.8. For each positive homogeneous function P, Sym(P) is a compact subgroup of
GI(RY). Further, it is a subgroup of SL* (R%).

Proof. By virtue of the Heine-Borel theorem (and the fact that G1(R?) is finite dimensional), we
prove that Sym(P) is closed and bounded. To this end, let {O,,} C Sym(P) be a sequence converg-
ing to O € GI(R?). For each = € RY, the continuity of P guarantees that

P(Oz) =P (TLILH;O O,ﬂ:) = nl;n;o P(Opz) = nlgngo P(x) = P(x).
Hence, O € Sym(P) and so Sym(P) is closed.

We assume, to reach a contradiction, that Sym(P) is not bounded. In this case, there is a
sequence {n,} C S for which lim, ;. |Oyn,| = co. Given that S is compact, by passing to a
subsequence if needed, we may assume without loss in generality that lim,_,, 7, = 1 € S. By
virtue of Proposition 2.0.5 and the continuity of P,

P(n) = lim P(n,) = lim P(On1n) = 00
which is impossible. Hence Sym(P) is bounded.

Now, we want to show that every element of Sym (P) has determinant 1. To this end, as-
sume to reach a contradiction that this is not the case. By the homomorphism property of the
determinant, there must exist some O € Sym(P) for which |det(O)| > 1. Consider the sequence
{On} = {O"} C Sym(P). Since Sym(P) is compact, there exists a convergent subsequence
{Op,} ={0™} — O € Sym(P). It follows that

|det(O")| = lim |det(O)|™ = oo,

Nj—>00
which is impossible because this contradicts the continuity of the determinant. O

Remark 2. A stronger statement than the second part of Proposition 2.0.8 would be “Sym(P) is conjugated
to a subgroup of O(R®).” However, Proposition 2.0.8 as it appears is sufficient for our purposes.

Corollary 2.0.9. Let P be a positive homogeneous function, then for all E, E' € Exp(P),

trE=trE > 0.

Proof. By virtue of Propositions 2.0.4 and 2.0.5, tr £ > 0 for all E € Exp(P). It remains to show
that the trace map is constant on Exp(P). To this end, let £, E’ € Exp(P). Then, for all » > 0 and
xz € R4

P(z) = r(1/r)P(z) = rP((1/r) ¥ z) = PP (1/r)F z) = PFr—F'g).

Thus O, = =% € Sym(P) for each r > 0. In view of the Propositions 6.1.1 and 2.0.8 and the
homomorphism property of the determinant,

1 =|det(O,)| = det(T‘Er—El)} = ‘det(rE)det(r_E/)‘ = ‘rtrE_trE' — plr E—tr B

for all » > 0 and therefore tr £ = tr E'. O
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In view of the preceding corollary, to each positive homogeneous function P, we define the ho-
mogeneous order of P to be the unique positive number pp for which

up =trE
for all £ € Exp(P).

We end this section by addressing a useful proposition which connects Exp(P) and Sym(P). Given
O € Sym(P), we write
OF ={On:ne F}.

The following proposition will be useful when we show that the measure on S (which we will
construct from some E € Exp(P)) is in fact independent of the choice of £ € Exp(P). In other
words, we will show that the measure is intrinsic to P.

Proposition 2.0.10. For any O € Sym (P)
Exp(P) = O~ Exp(P)O.

In other words, the set Exp(P) is invariant under conjugation by Sym(P).

Proof. Since Sym(P) is a subgroup of SL(R%), for O € Sym(P) and E € Exp(P), we have O~ ! €
Sym (P) and therefore

PO %) = P(O7'rP0x) = P(rFOx) = rP(Ox) = rP(a),

forall 7 > 0 and z € R Thus, O~ Exp(P)O C Exp(P). Moreover, any E € Exp(P) can be
written as O~ (OEO~1)O, where OEO~! € Exp(P) because

P(r9%97 ) = P(OrPO ') = P(rPO'2) = rP(O 'z) = rP(2).

Thus, Exp(P) € O~ Exp(P)0, and hence Exp(P) = O~! Exp(P)O as desired. O

2.1 Subhomogeneous Functions

In this section, we introduce the notions of subhomogeneous functions and strongly subhomo-
geneous functions with respect to a given endomorphism E € End(R%). As briefly discussed in
the beginning of this chapter, these functions show up in the Taylor expansion of I and play an
important role in estimating | (™) | using the Van der Corput lemma. Roughly speaking, for some
E € End (RY), a sufficiently nice function @ : R? — C is said to be subhomogeneous with respect
to Eif Q(r¥¢) = o(r) asr — 0. If |0,Q(rF¢)| = o(1) as r — 0, then Q is said to be strongly subho-
mogeneous with respect to E. It is then straightforward to use the mean value theorem to show
that strong subhomogeneity implies subhomogeneity. The following definition and proposition
make precise these ideas.
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Definition 2.1.1. Let ) be a continuous and complex-valued function defined on an open neighborhood
O of 0in R% and let E € End(RY) be such that {rF} is a contracting group.

1. We say that () is subhomogeneous with respect to E if, for each ¢ > 0 and compact set
K CRY, thereisa § > 0 for which

}Q(TEf)} <er
forall0 <r < dand§ € K.

2. Given k > 1, we say that ) is strongly subhomogeneous with respect to E of order k if
Qe C’k((’)) and, for each € > 0 and compact set K C RY thereisa § > 0 for which

P oIQ(rTE)| < er
forallj=1,2,...,k,0<r<dand € € K.

When the endomorphism E is fixed, we will say that ) is subhomogeneous if it is subhomogeneous with
respect to E. Also, we will say that Q) is k-strongly subhomogeneous if it is strongly subhomogeneous
with respect to E of order k.

The following proposition, in particular, justifies our choice of vocabulary and give credence to
the interpretation that 0-strongly subhomogeneous is synonymous with subhomogeneous.

Proposition 2.1.2. Let Q be differentiable on an open neighborhood of 0 in R and let E € End(R?) be
such that {r¥} is a contracting group. If, for some k > 1, Q is strongly subhomogeneous with respect
to E of order k and Q(0) = 0, then @ is subhomogeneous with respect to E.

Proof. Let e > 0 and K be a compact set. In view of our supposition that () is strongly subhomo-
geneous with respect to E or order k, let § > 0 be given so that [rd,Q(rf¢)| < er forall ¢ € K
and 0 < r < §. Given that ¥ is a contracting group and Q(0) = 0, it follows that, for each ¢ € K,
fe :10,6) — C defined by

rE O<r<d
fé(r):{OQ( ) Ti0<

is differentiable on (0, §) and continuous on [0, §), for each £ € K. Consequently, for every 0 < r <
0 and £ € K, the mean value theorem guarantees a ¢ = c¢, € (0,7) for which

|fe(r) = fe(O)] < | fe(0)] = 7|0, Q7€) < re.

Consequently, forall0 < r < dand { € K,

1Q(rPe)| = | fe(r) — fe(0)] < re.
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When estimating convolution powers, we are often presented with a ) that is (strongly) subho-
mogeneous with respect to some G = E/k € End (R?) where k > 0 and E belongs to the exponent
of some positive homogeneous or imaginary-homogeneous function P. It is then useful to char-
acterize how the notions of subhomogeneity and strong homogeneity with respect to £/k depend
on k.

Proposition 2.1.3. Let P be positive homogeneous and P be complex-valued and continuous on a
neighborhood of 0 in R%. The following are equivalent:

(a) P(€) = o(P(€))as & — 0.
(b) For every E € Exp(P), P is subhomogeneous with respect to E.

(c) There exists E € Exp(P) for which P is subhomogeneous with respect to E.

Proof. (a) = (b). Let € > 0, K be a compact set and choose E € Exp(P). Given our supposition
that P(§) = o(P(£)) as £ — 0, we can find an open neighborhood O of 0 for which
€

‘ﬁ(@‘ = 1+ sup, e P(n)P(g)

for all ¢ € O. Now, because ¥ is contracting in view of Proposition 2.0.5, we can find a § > 0 for

which rf¢ € O forall 0 < r < § and ¢ € K by virtue of Proposition 6.1.8. Consequently, for all
O<r<dand{ € K,

P(rPe)| < ‘ P(rP¢) =

’ (r E)‘ ~ 1+ sup,ex P(n) (rg) =er

P(¢)
1 4 sup,cx P(n) s re.

/

(b) = (c). This implication is trivial. /

(c) = (a). Lete > 0. Choose E € Exp(P) and let S = {n € R%: P(n) = 1}. Using the supposition
that P is subhomogeneous with respect to F/, we may choose 6 > 0 for which

’ﬁ(rEn)’ <er

forall0 < r < § and n € S. We remark that, in view of the continuity of P and the fact that ¥
is contracting, this inequality ensures that P(0) = 0. We fix O to be the open set By = {¢€ € R%:
P(¢) < 6}, For each non-zero ¢ € O, we observe that ¢ = Py where 0 < r = P(£) < § and
n = P(¢)~F¢ € S and therefore

2] = |Por] < re=er)

If ¢ = 0, obviously, ﬁ(g)‘ — 0= eP(0) = eP(¢). Thus, for all € € O,

P(e)] < eP(e),
as desired. /
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O]

Proposition 2.1.4. Let E € End(R?) be for which {r¥} is contracting and suppose that ) is strongly
subhomogeneous with respect to E of order 2. Given o > 0, set F' = aE. Then, for any € > 0 and
compact set K,

00,Q(6" )| < et

and
|020;Q(0"7n)| < eb”

forall0 < 0 < Y% andn € K.

Proof. Let e > 0 and K C R? be a compact set. By virtue of the strong subhomogeneity of Q, let
d > 0 be such that
’r@rQ(rEn)’ <ér and ’T283Q(TE77)’ <ér

for0 < r < §and n € K where € = ¢/(2a2 + ). We set r = 0 so that ¥ = 6" and observe that

or

100,67 )| = ‘eaw%)

201 = ‘HﬁTQ(rEn)aea_l} = ar‘&rQ(rEnH < ae'r < e

forall0 < 0 < §'/* and n € K. Further, we have

or 0%r

2
200 (55) +orQEn g

0*05Q(0 )| = ¢ 50

62|02Q(r"n) 26?72 + 8,Q(rFn)a(a — 1)§?|
2 |r?Q(rFn)| + |a(e — 1)|[r8,Q(rFn)]

a’er + ’oz2 — a!e/r

e0”

ANVAN VA

forall0 <6 < 6'/*andn € K. O



Chapter 3

A generalized polar integration formula

In this chapter, we obtain our generalized polar integration formula from two perspectives: mea-
sure theory and smooth-manifold theory. In Subsection 3.1.1, we construct a measure on the unital
level set of a positive homogeneous function. Our construction only uses results from point-set
topology and measure theory and this measure will appear later as the surface measure which
appears in our generalization of the polar coordinate integration formula. In a later section (Sec-
tion 3.2), we will consider the case in which the positive homogeneous function is smooth and, in
this case, we will find that its unital level set is a smooth hypersurface of R and the measure con-
structed in Subsection 3.1.1 is characterized by a smooth d — 1 form which related to the canonical
Riemann volume form. This chapter is essentially Section 4 of [5].

To start, we let a positive homogeneous function P on R? be fixed with homogeneous order 1p,
exponent set Exp(P), and symmetry group Sym (P). Let M, denote the Lebesgue o-algebra on
R4\ {0} and m the Lebesgue measure. We take the unital level set S = {n € R?: P(n) = 1} to be
equipped with the relative topology inherited from R? and (0, c0) x S with the product topology,
where (0, 00) carries the usual topology on R. Let B(S) denote the o-algebra on S. We denote
by £ = L£(0,1) the o-algebra of Lebesgue measurable sets on (0,00) and let Ap be the o-finite
measure on ((0,00), £) with Ap(dr) = r#P~1 dr. For basic notions of measure theory, the reader
is encouraged to refer to [4], [26]. For selected definitions and theorems from measure theory,
see [11] and [26].

3.1 A surface measure on S

Our main result of this section is as follows.

Theorem 3.1.1. There exists a o-algebra 3 on S containing B(S) and a finite Radon measure op on
(S, X) which satisfies the following properties:

1. (S,%,0p) is the completion of (S, B(S),op). In particular, (S,3,0p) is a complete measure
space.

2. Forany F € ¥pand O € Sym(P), OF € ¥pand op(OF) = op(F).

29
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3. Forany F € ¥ and E € Exp(P),

Fg = U (TEF):{rEneRd\{O}:O<r<1,n€F}
0<r<1

is a Lebesgue measurable subset of]Rd \ {0}, ie., IfTE e My, and
op(F)=pup-m (ﬁ;;)

where m denotes the Lebesgue measure on RY.

Further, denote by ((0,00) x S, (L x X)',A\p x op) the completion of the product measure space
((0,00) x S, L x X, Ap x op). We have

1. Given any E € Exp(P), the map ¢ : (0,00) x S — R%\ {0}, defined by ¢ (r,n) = rEn for
r > 0andn € S, is a point isomorphism of the measure spaces ((0,00) x S, (L x X),A\p X op)
and (R?\ {0}, My, m). That is

My = {A C R\ {0} y5}(A) € (£ x z)’}

and, for each A € Mg,
m(A) = (Ap x op) (g (A)).

2. Given any Lebesgue measurable function f : R* — Cand E € Exp(P), f o yp is (L x X)'-
measurable and the following statements hold:

/]Rd fla)yde = /OOO </s f(rn) Up(dn)> =1 g
= L[ sermrtar) oo

(b) When f is complex-valued, we have

(a) If f >0, then

feL'®RY  ifandonlyif foip € L' ((0,00) x S, (L x ), \p x ap)

and, in this case, (3.1) holds.

From this theorem we have a useful corollary.

Corollary 3.1.2. Given g : S — Cand E € Exp(P), define f : R — C by

flo) =107 X(o,1)(P(x))g(P(x)"Fz)  forz #0
0 forx =0
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for x € RY where x o 1)(-) is the indicator function of the interval (0,1). Then g € L*(S,p,op) if
and only if f € Ll(]Rd) and, in this case,

f(x) da = / g(n)op(dn). (32)
R4 S

Proof. Observe that, for the (£ x ¥ p)’-measurable function k(r, 1) = x(0,1)(r)g(n),

kovy' (x) = k(P(x), P(z)""z) = f(x)
for z € R?\ {0}. By virtue of Theorem 3.1.1, it follows that f is Lebesgue measurable and

/]Rd |f(x)|de = /5 (/(0700) |k (r, ) [P~ dr) op(dn)
= ([ 1stwiortan)) (| luprw—ldr>

- / l9(m)lop(dn)
S

and therefore f € L'(R?) if and only if g € L'(S,Xp,0p) and || f|| 11 ray = llgll11(s)- By an analo-
gous computation (for f instead of | f|), we have

[ tayda = [ gtmoetan).

by virtue of Property 2 of Theorem 3.1.1. O

Our construction of op is as follows. In Subsection 3.1.1, we fix E € Exp(P) and consider the one-
parameter contracting group {r”}. As the standard isotropic one-parameter group r — 71 = r! is
well-fitted to the unit sphere S and allows every non-zero = € R? to be written uniquely as = = 1
for r € (0,00) and 1) € S, {r¥} is well-fitted to S and has the property that every non-zero z € R?
can be written uniquely as z = rfrn where r € (0,00) and n € S. With this one-parameter group
as a tool, we define a surface-carried measure op g on S by taking sufficiently nice sets ' C 5,
stretching them into a quasi-conical region of the associated “ball” B with the contracting group
{r®}, and computing the Lebesgue measure of the result. Figure 3.1 illustrates the action of r” for
r € (0,1) onaset F (red) in S (blue) to create the set F. Here, we choose P(z,y) = 22 +3zy? /2 +y*
and E = diag(1/2, 1/4). Figure 3.2 illustrates a different example with P(z,y, z) = 22 +ay?+y*+2%.

In Subsection 3.1.2, we turn our focus to an associated product measure Ap x op g on (0, 00) x S
with which we are able to formulate and prove a generalization of (1.1); this is Theorem 3.1.8. We
then derive a number of corollaries of Theorem 3.1.8, including the result that op g is a Radon
measure on S. In Subsection 3.1.3, we prove that even though Subsections 3.1.1 and 3.1.2 require a
choice of £ € Exp(P), opf is independent of the choice of E € Exp(P), and so we writeop = op
and this quickly yields a stronger version of Theorem 3.1.8, which is Theorem 3.1.1.

3.1.1 Construction of opp
Let E € Exp(P). Define ¢ : (0,00) x S — R?\ {0} by
Yr(r,n) =r"n (33)
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-

Figure 3.1: Quasi-conical region F = fE (in red) for F* C S. Here, S is the unital
level set of P = P, from Example 5 and £ € Exp(/%) has the standard representa-
tion diag(1/2,1/4).

Figure 3.2: Quasi-conical region F = ﬁE (in red) for F* C S. Here, S is the unital
level set of P(z,y,2) = 22 + 2y? + y* + 2* and E € Exp(P) has standard represen-
tation diag(1/2,1/4,1/4).

forr > 0and n € S. As ¢ is the restriction of the continuous function (0,00) x R? 3 (r,z) +
rPx e R to (0,00) x S, it is necessarily continuous. We now show that ¢ g is a homeomorphism.
This will be particularly useful later on when we are required to regularly “move” back and forth
between R? \ {0} and (0, 00) x S.
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Proposition 3.1.3. The map 1 : (0,00) x S — R4\ {0} is a homeomorphism with continuous
inverse ;" : R\ {0} — (0,00) x S given by

Vg (x) = (P(z), (P(z)) "x)
for x € R\ {0}.

Proof. Given that P is continuous and positive definite, P(x) > 0 for each z € R?\ {0} and the
map R\ {0} 3 x — (P(z))"F2 € R%is continuous. Further, in view of the homogeneity of P,

P ((P(x))_E:r) = P(x)_lP(x) =1

for all z € R?\ {0}. It follows from these two observations that

defined for z € R%\ {0}, is a continuous function taking R% \ {0} into (0, 00) x S. We have
(¥ 0 p)(x) = Yp(P(z), (P(x) Pa) = (P(2)P(P(2)) Pe =
for every z € R%\ {0} and
(popp)(rn) = p(rfn) = (P(rFn), (P(rFn) " F(rFn)) = (rP(n), (rP(n)) " (rFn)) = (r,n)

for every (r,n) € (0,00) x S. Thus p is a (continuous) inverse for ¢r and so it follows that ¢ is a
homeomorphism and p = wgl. O

As in the statement of Theorem 3.1.1, for each F' C S, define

Fp = U (rfF) ={rFn:0<r<1l,pe F},
0<r<1

which we can identify as a quasi-conical region discussed in the previous chapter. Next, we let
Y p,E be the collection of subsets F of S for which F € My, ie.,

ERE:{FQSZF/\EGMd}.

We now show that this is a o-algebra ¥ p g on S.

Proposition 3.1.4. ¥ p g is a o-algebra on S containing the Borel o-algebra on S, B(S).

Proof. Throughout the proof, we write ¥ = ¥p  and F= ﬁ;; for each F' C S. We first show that X

is a o-algebra. Since S = B\ {0}, itis open in R?\ {0} and therefore Lebesgue measurable. Hence
S € Y. Let G, F € ¥ besuch that G C F. Then,

Fia= | o= | (WF\WG):( 9 rEF>\< U M}):ﬁ\é

o<r<1 0<r<1 o<r<1 0<r<1
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where we have used the fact that the collection {r¥ F}o, 1 is mutually disjoint to pass the union

through the set difference. Consequently F'\ G is Lebesgue measurable and therefore F'\ G € ¥.
Now, given a countable collection {F,,} C ¥, observe that

o<r<1 0<r<ln=1 n=10<r<1

whence U, F}, € . Thus X is a o-algebra.

Finally, we show that
B(S) C X.

As the Borel o-algebra is the smallest o-algebra containing the open subsets of .S, it suffices to
show that O € ¥ whenever O is open in S. Armed with Proposition 3.1.3, this is an easy task:
Given an open set O C S, observe that

O={Fn:0<r<1l,ne0}=1y¢p(0,1)x0).

Upon noting that (0,1) x O is an open subset of (0,00) x S, Proposition 3.1.3 guarantees that
O =¥gr((0,1) x O) C R?\ {0} is open and therefore O € M. Thus, O € 3. O

With the o-algebra X p , we now specify a measure on the measurable space (S, Xp ). For each
F e EP,E/ define OPE: EP,E — [0, OO) by

opp(F) = up - m(Fg)

where m is the Lebesgue measure on R? and pp = tr E > 0 is the homogeneous order associated
to P.

Proposition 3.1.5. op f is a finite measure on (S, X pE).

Proof. Throughout the proof, we will write 0 = opg, ¥ = Xpp, and, F = F’E foreach F C S. It
is clear that o is non-negative and o(2) = 0. Let {F},}72; C ¥ be a mutually disjoint collection.

We claim that {F, tner © Mg is also a mutually disjoint collection. To see this, suppose that
r=rln, =rkn, c F N Fm, where r,,, 7, € (0,1), n, € F,,, and n,,, € F,,,. Then

rn = P(ry/mn) = P(z) = P(rynm) = rm,

implying that n, = 1, € F, N Fy,. Because {F,}22, is mutually disjoint, we must have n = m
which verifies our claim. By virtue of the countable additivity of Lebesgue measure, we therefore
have

O'(U Fn> =up-m UF" :,up-m<U F;) :upZm(ﬁ;):ZU(Fn).
n=1 n=1 n=1 =

Therefore o is a measure on (5, %). In view of Condition (b) of Proposition 2.0.5, S = B\ {0} is a
bounded subset of R? \ {0} and hence o(S) = up - m(B \ {0}) < oo showing that o is finite. [
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Corollary 3.1.6. By virtue of the two preceding propositions, op g is a finite Borel measure on S.

3.1.2 Product Measure and Point Isomorphism

So far, we have only worked with a surface-carried measure op  on S. To obtain the full polar-
coordinate integration formula in 3.1.1, we need to construct a product measure that combines
the surface measure op g on the unital level set S and the radial measure Ap on R to obtain a “vol-
ume” measure. Once we have the product measure, we shall use Fubini’s theorem, stated below
for complete (product) measure spaces, to obtain our main result for this section.

To start, let (S,XpE,op ) denote the finite measure space of Proposition 3.1.5. Recall that £
denotes the o-algebra of Lebesgue measurable subsets of (0,00) and Ap denotes the measure on
(0,00) with Ap(dr) = r##~1dr,i.e., foreach L € L,

Ap(L) = /000 xz(r)rtr =t dr.

It is easy to see that \p is o-finite and so, in view of the finiteness of the measure op f, there exists
a unique product measure Ap x op g on (0, 00) x S equipped with the product o-algebra £ x £p g
which satisfies

()\p X O'p,E)(L X F) = )\p(L)Up’E(F)

forall L € £and F € ¥ p . We shall denote by ((0,00) x S, (L x Xpg), Ap X op ) the completion
of the measure space ((0,00) x S,L x X¥p g, Ap x op). With this, we state (without proving) the
following Fubini-Tonelli theorem associated to Ap x o p g, which combines the results of the Fubini-
Tonelli Theorem and the “measureable slice” theorem (see [11]). This allows us to exchange the
order of integration, which is crucial for future applications.

Theorem 3.1.7 (Analogous to Theorem 8.12 of [24]). Let g : (0,00) x S — C be (L x ¥pg)'-
measurable. For each r € (0, 00), define g" : S — Cby g"(n) = g(r,n) for n € S and, for eachn € S,

define g, : (0,00) — C by g,(r) = g(r,n) for r € (0, 0).
1. For A\p-almost every r, g" is X p g-measurable and, for o p g-almost every n, gy is L-measurable.
2. If g > 0, then:

(a) For \p-almost every r,

exists as a non-negative extended real number.

(b) For op g-almost every n,
G = [~ oy
0

exists as a non-negative extended real number.
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(c) We have
/ H(r)r‘”’ldr:/ gd(\p XUP,E):/G(n)aRE(dn) (3.4)
0 (0,00) xS S

and, in particular,

/0°° </Sg(7’7 n) UP,E(dn)> PPl dgp — /S </OOO g(r,m)rHe— dr) opp(dn). (3.5)

3. If g is complex valued and

/s (/OOO lg(r,n)|rHr—1 dr) op,e(dn) < oo or /000 (/S lg(r,m)| UP,E(dU)) rhP=dr < oo,

then g < Ll((O, OO) X S, (E X ZP,E)/,/\P X O'p7E).

4. Ifg € L'((0,00) x S, (L x Spg),\p X opg), then g" € L' (S,Spg,opg) for X\p-almost
every r, g, € LY((0,00), L, \p) for o p g-almost every n, and Equations (3.4) and (3.5) hold.

Our primary goal in this subsection is to prove the theorem below, which is a slightly more special
statement of the second half of Theorem 3.1.1.

Theorem 3.1.8. Let ((0,00) x S, (L x Xpg)', \p X op g) be as above.

1. The map ¢ : (0,00) x S — R9\ {0}, defined by (3.3), is a point isomorphism of the measure
spaces ((0,00) x S, (L x Spgr)', \p x op ) and (R?\ {0}, My, m). That is

Ma={ACRIN{0}: ¢! (4) € (L x Zpp)'}

and, for each A € M,
m(4) = (\p x opE) (Vg (4)).

2. If f : R? — C is Lebesgue measurable, then f o is (£ x X p g)'-measurable and the following
statements hold:

(a) If f >0, then

/Rdf(x) dr = ( i (rfn apE(dn)> riP=1 dy

_ / < /O T () dr) op.5(dn). (3.6)

(b) When f is complex-valued, we have
feLYRY ifandonlyif foip € LY((0,00) x S, (L x Spg),\p X opE)

and, in this case, (3.6) holds.
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Properties 1 and 2 in Theorem 3.1.8 differ only from Properties 1 and 2 in Theorem 3.1.1 only
in the apparent dependence on our choice of £ € Exp(P). We shall see in Subsection 3.1.3 and
Proposition 3.1.16 therein that ¥p g, = Xp g, and op g, = op g, forall £y, E5 € Exp(P) and so the
dependence is indeed superficial. With this result, we shall obtain Properties 1 and 2 of Theorem
3.1.1 immediately from Theorem 3.1.8.

To prove Theorem 3.1.8, we shall first treat several lemmas. These lemmas isolate and generalize
several important ideas used in standard proofs of (1.1) (See, e.g., [11] and [26]). Lemma 3.1.9
establishes the scaling property of {r£} on the Lebesgue measures and measurability of sets in
R9. Lemma 3.1.10 relates the Lebesgue measure of sets of the form ¢ (I x F'), where I C (0, c0) is
sufficiently nice and F' € ¥ p g, to the product measure A\p x opg.

Lemma 3.1.9. Let A C R and r > 0. A is Lebesgue measurable if and only if rA = {zx = rFa :
a € A} is Lebesgue measurable and, in this case,

m(rP A) = r*Pm(A).

Proof. Because x +— rz is a linear isomorphism, 7 A is Lebesgue measurable if and only if A4 is
Lebesgue measurable. Observe that = € A if and only if =¥z € A and therefore

m(rEA) = /R eea(a) dr = /R xAG P da

where X,z 4 and 4 respectively denote the indicator functions of the sets 7”4 and A. Now, by
making the linear change of variables x — rfz, we have

m(TEA) = /Rd xA(x)] det(rE)\ dx = r*Pm(A),

because det(r?) = r'r¥ = r#r > 0 by virtue of Proposition 6.1.1 and Corollary 2.0.9. O

Lemma 3.1.10. Let F € Ypg. If I C (0, 00) is open, closed, G5, or Fy,, then (I x F) € Mgand

mYe(I x F)) = (Ap x opg)(I x F) = Ap(I)opp(F). (3.7)

Proof. To simplify notation, we shall write A\ = Ap and ¢ = op g throughout the proof. We fix
F € ¥pr and consider several cases for I.

Case 1: I = (0,b) for 0 < b < oco. When b is finite, observe that

V(I x F)={rfn:0<r<bne Fy=b{rPn:0<r<1,neF}=b"Fg.
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By virtue of Lemma 3.1.9, it follows that Y5 (I x F') € M, and

(A x o)(I x F) Ao (F)

([ ) o )

- b“Pm(FAE)
m(b¥ Fp)
— m(s(l x F)).

When b = o ie., I = (0,00), we observe that

=Jwon=JL
n=1

where the open intervals I, = (0,n) are nested and increasing. In view of the result above (for
finite b = n), we have

wE(IXF):¢E<U(In><F)> = |J ¥e(ln x F) € Mq.

Given that ¢ is a bijection, {¢)g(I, x F)} is necessarily a nested increasing sequence and so, by
the continuity of the measures A x o and m,

(Ax o) (I x F) = lim (Ax 0)(Ly x F) = lim m(p(l, x F)) = m(u(l x F)).

n—oo

/
Case 2: I = (0,a] for 0 < a < co. We have

o0

Oa:ﬁOcH—l/n:ﬂ

where the open intervals I,, = (0,a + 1/n) are nested and decreasing. By reasoning analogous to
that given in Case 1, we have

VeI x F) = () ¢p(, x F) € My

n=1
and
Axo)IxF)= nli_}n;{)(A xo)(I, x F) = nli_)II;Qm(l/JE(In X F)) =m(¢yp(I x F)).
In particular, m(yYp(I x F)) = A((0,a])o(F) = a*Po(F)/up < cc. /

Case 3: I = (a,b) for 0 < a < b < co. In this case, I = (0,b) \ (0, a] and so, in view of Cases 1 and 2,
l/JE(I X F) = 1/1]_:;((0,[)) X F) \¢E((0,a] X F) € Mgand

Axo)IxF) = (Ax0)((0,b) x F) — (A x 0)((0,a] x F)
= m(Yp((0,0) x F)) —m(yp((0,d] x F))
m(Yp(l X F))

where we have used the fact that (A x 0)((0,a] x F) = m(¢g((0,a] x F)) < oo. /
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Case 4: I C (0, 00) is open. In this case, it is known that I can be expressed as a countable union of
disjoint open intervals {I,,} and, by virtue of Cases 1 and 3, we have

eI x F) = J¢p(, x F) € My,

n=1

where this union is disjoint, and

mWp(I x F)) =Y mp(l, x F)) =Y (A x 0)(I, x F)

n

= An)o(F) = (Z )\(In)> o(F) = D)o(F) = (A x o) x F).
/

Case 5: 1 C (0,00) is closed. In this case, we have I = (0,00) \ O where O is open and so
Ye(I x F) =4p(F x ((0,00)\ 0)) = ¢p((0,00) x F)\ ¢5(0 x F) € M.
At this point, we’d like to use the property that
m(YE((0,00) X F)\ ¢Yp(0 x F)) = m(¢p((0,00) x F)) —m(¢Yp(0 x F)),

but this only holds when m(¢g(O x F)) is finite. We must therefore proceed differently. For each
natural number n, define O,, = O N (0,n) and I,, = (0,n) \ O,. Itis straightforward to show that
{I,,} and {¢g (I, x F')} are nested and increasing with

I=JI and eI x F) = | ¢p(l, x F).
n=1 n=1

The results of Cases 1 and 4 guarantee that, for each n,
m(Ye(Op x F)) = (Ax 0)(0n x F) < (A x 0)((0,n) x F) < n*Pm(Fg) < 0o
and therefore

m(p(l, x F)) = m(pe((0,1) x F)) = m(p(On x F))
= (Ax0)((0,n) x F)— (Ax0)(O, xF)
= (Axo)I, x F).

Then, by virtue of the continuity of measure,

m($u(l x F)) = lim m(p(l, x F)) = lim (A x 0)(L, x F) = (A x 0)(I x F).

n—oo

/

Case 6. I C (0,00) is G or F,,. Depending on whether I is G or Fy,, express I as an intersection of
nested decreasing open sets or a union of nested increasing closed sets. In both cases, by virtually
the same argument given in the previous cases, we find that Y g (I x F) € Mg,

m(p(I x F)) = (A x o)(I x F).
/
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O]

The following lemma generalizes the result of Lemma 3.1.10 (which only deals with cases of “spe-
cial rectangles”) so that the previous statement holds for any set L € £, the o-algebra of Lebesgue
measurable subsets of (0, 00). The result allows us to express the product measure of sufficiently
nice sets L x F'in terms of the Lebesgue measure of )5 (L x F'), with which we can translate inte-
gration over R? to integration over (0, 00) x S as intended. The proof makes use of F;, and G sets
and properties of complete measure spaces.

Lemma 3.1.11. Forany L € Land F € ¥pg, Yp(L x F) € Mgand

m(¢E(L X F)) = ()\p X O'P,E)(L X F)

Proof. Fix L € Land F € Yp . Itis easy to see that Ap and the Lebesgue measure dr on (0, c0) are
mutually absolutely continuous. It follows that ((0,c0), £, Ap) is a complete measure space and,
further, that there exists an F, set L, C (0,00) and a G set Ls C (0,00) for which L, C L C Ls
and A\p(Ls \ L,) = 0. Note that, necessarily, \p(L) = A\p(L,) = Ap(Ls). We have

YE(L X F)=9¢gp(Ls x F)UYp((L\ Ly) x F) (3.8)
where, by virtue of the preceding lemma, ¢p(L, x F') € My and

m(wE(Lg X F)) = ()\p X UP,E)(LU X F) = )\p(LU)O'RE(F) = )\p(L)O’RE(F) = ()\P X O’p7E)(L X F)
(3.9)
Observe that

YE((L\ Lo) x F) € ¢p((Ls \ Lo) X F)

where, because L; \ L, is an G set, the latter set is a member of M, and
m(Ve((Ls \ Lo) x F)) = (Ap x opp)((Ls \ Lg) X F) = Ap(Ls \ Lo)opp(F) =0

by virtue of the preceding lemma. Using the fact that (R¢ \ {0}, M4, m) is complete, we conclude
that g ((L\ Ly) x F) € Mgand m(¢¥g((L\ Ls) x F)) = 0. It now follows from (3.8) and (3.9) that
V(L x F) € Mgand

m(Ye(L x F)) =me(Le x F)) +m(Ye((L\ Ly) x F)) = (Ap x opg)(L x F),
as desired. O

The following two lemmas provide another key ingredient to proving Theorem 3.1.8. Lemma
3.1.12 is a standard result in real analysis which states that a compact subset of any metric space
contains a countably dense set. This results is then used in Lemma 3.1.13 to show that every open
set in R? \ {0} can be written as a countable union of sets of the form ¢z (U/) where U is an open
rectangle in (0,00) x S. In our proof of Theorem 3.1.8, we will use this result as justification for
the fact that ¢ (£ x X p g) contains every open subset of R4\ {0}.
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Lemma 3.1.12. Let S be a compact subset of a metric space. Then S contains a countably dense set.

Proof. For each n € N, consider the open cover

of S. Since S is compact, there exists a finite subcover. Let z;,, j = 1,2,... N,, denote the center
of each of the balls, then, we have that S is covered by { B, ,(z;,) N S,j = 1,2,..., N,}. Thus,
for each n € N, we have a finite set {z;,} of centers. The countable union of these finite sets,
UoZ{zjn}, is countable. It is also dense because for every point z € S and € > 0, there is always
some n such that |z;, —z| < 1/n <e. O

Lemma 3.1.13. Every open subset U C R\ {0} can be written as a countable union of open sets of
the form g (U) where U = I x O is an open rectangle in (0,00) X S.

Proof. Let {ry}32, and {n;}32, be countably dense subsets of (0,c0) and 5, respectively. For each
triple of natural numbers j,1,n € N, consider the open set

Ujin = {Ir —rjl <1/n} x Oy € (0,00) x S

where
Orn=A{neS:|n—m|<1/n}.
Let U C R?\ {0} be open. We will show that

v=" U W), (3.10)

where, in view of Proposition 3.1.3, each ¢ g (U} ,,) is open. It is clear that any element of the union
on the right hand side of (3.10) belongs to some v x(U;,;,) € U and so the union is a subset of U.
To prove (3.10), it therefore suffices to prove that, for each x € U, there exists a triple j, [, n with

S ¢E(uj,l,n) cUu.

To this end, fix z € U and let § > 0 be such that Bs(x) C U. Consider (r,,7:) = ¥ () € (0,00) xS
and set M = ||rZ|| > 0 and C = ||E|| > 0. Observe that

E - (lna)k k - \1n04|k k (C|nal)
1= a®) = [ E2E | < S B = elClineh — g
k=1 k=1
for all > 0. Since o s e(©Imal) _ 1 g continuous and 0 at o = 1, we can choose §’ > 0 for which

4]

I—aE < —
1=l < Sl 7 2
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whenever |o — 1] < ¢’. Fix an integer n > max {1/0'r;,4M/d} and, using the density of the
collections {r;} and {n;}, let r; and n; be such that |r; — 7| < 1/n and |y — 1| < 1/n. It follows
that the corresponding open set i/}, , contains wgl(a:), or, equivalently, z € ¥g(U;,; ). Thus, it
remains to show that g (U;;,,) C Bs(z). To this end, let y = ¥g(ry,ny) € YEU;,,,) and observe
that

lz—yl < [We(re,ne,)— ¢E(7“x777y)| + |1/’E(Txa77y) - wE(Tyvny”
= [rE (e —my)| +1(rk — 7 )my]
Mne =yl + e = v l|my-

A

Since both (1, 72), (1y,ry) € Uj 1 n, we have

2 2
‘nx—ny‘ < |77x—77j|+|77j_77y|<ﬁ and |77y| g‘ny_UZ|+|77:v| < |77:r|+5-

Also, since |r, — ry| < 1/n, it follows that r, = ar, where |1 — a| < 1/nr, < ¢’ by our choice of n.
Consequently,

2 2
ool < 200+ (el + 2 ) I = 20|

2
< M+ (|nl +2) M||I - a”|
2 OM (|na| +2)

fM_F—
n 2M (02| + 2)
O 0
T

< 2+2

and so we have established (3.10). Finally, upon noting that {uj,l,n}(j,l,n)eN?jr is a countable col-

lection of open rectangles, the union in (3.10) is necessarily countable and we are done with the
proof. O

In our final lemma preceding the proof of Theorem 3.1.8, we treat a general measure-theoretic
statement which gives sufficient conditions concerning two measure spaces to ensure that their
completions are isomorphic. This lemma is used in the proof of Theorem 3.1.8 to show that the
(complete) measure spaces ((0,00), (£ x Xpg),Ap x opp) and (R?\ {0}, M4, m) are isomorphic
with point isomorphism ¢ 5. Here, ((0,00), (L xXp ), A\p X op ) is the completion of ((0, 00), £ x
Ypp,Ap x opg),and (R?\ {0}, Mg, m) is the completion of (R?\ {0}, B(R?\ {0}), m).

Lemma 3.1.14. Let (X1,%¥1, 1) and (X2, X9, v2) be measure spaces, let ¢ : X1 — X be a bijection
and denote by (X;, X!, v}) the completion of the measure space (X;, X;,v;) for i = 1,2. Assume that

the following two properties are satisfied:
1. Foreach A1 € ¥, (p(Al) S 2,2 and Vé(gO(Al)) = Ul(Al).
2. Foreach Ay € Yo, p~H(A2) € B and V| (p~1(A2)) = va(A2).

Then the measure spaces (X1,%},v)) and (Xo, X5, v4) are isomorphic with point isomorphism .
Specifically,
Yy = {42 C Xy : ¢ H(Ag) € 2]} (3.11)




3.1. A SURFACE MEASURE ON S 43

and

vh(Az) = vi (¢~ ' (A2)) (3.12)

_~

forall Ay € %,

Proof. Let us first assume that Ay € Xf. By definition, Ay = G2 U Hy where G5 € Y3 and Hy C
Ga,0 € 3o with v5(As) = 12(G2) and v)(Hs) = v2(Ga) = 0. Consequently, p~1(As) = ¢ 1(Ga) U
¢~ 1(Hy) and ¢~ (Hz) C ¢~ 1(Gap). In view of Property 2, o~ 1(Ga), 1 (G2p) € X} and we have

Vi (971 (G2)) = 1a(Ga) = vh(As) and V(9 (G20)) = v2(Gap) = 0.

In view of the fact that (X1, X}, ) is complete, p~!(Hs) € ¥} and v/; (¢~ (Hz)) = 0. Consequently,
we obtain ¢ 1(Ag) = ¢ H(Ga) Up 1 (Hy) € X and

vh(A2) = vi(¢™1(G2)) < vy~ (A2)) < V(9™ (Ga)) + Va9~ (H2)) = 1a(G2) + 0 = v3(Aa).

From this we obtain that ¥, C {42 C Xo : p }(43) € X} and, for each Ay € X)), vh(Ar) =
1 (¢ 1(Ag)). It remains to prove that

{Ay C Xy : 071 (A) € 2]} C 5.

To this end, let A3 be a subset of X5 for which p~1(43) € Y. By the definition of ¥}, we have
30_1(/12) = (G171 U H; where Gy € ¥, Hi C Gl,O € ¥; and Vi(Hl) = Vl(Gl,U) = 0. In view
of Property 1, ¢(G1) € XY, o(H1) € ¢(Gipo) € X5 and v4(p(G1p)) = v1(Gip) = 0. Because
(X}, X5, v4) is complete, we have ¢(H;) € X5 and so

A1 = (¢ (A2)) = ¢(G1) Up(H1) € T,
as desired. O

We are finally in a position to prove Theorem 3.1.8. Our approach can be described as follows.
We first argue that £ x Y p g is contained in the monotone class C comprised of the sets G C
(0,00) x S for which ¥(G) € Mg and m(yp(G)) = (Ap X opg)(G) via the monotone class
lemma. This allows us to show that every set G in £ x ¥ p g satisfies the two properties above, and
that the o-algebra of Borel subsets of R? \ {0} is contained in /s (L x Ypg). Property 1 follows
from recognizing that the o-algebras and measure spaces in the hypothesis of Theorem 3.1.8 are
completions of those in preceding arguments. To prove Property 2, we let a measureable function
f : R? — C be given and use Property 2, the monotone convergence theorem (in case that f > 0),
and Fubini’s theorem.

Proof of Theorem 3.1.8. Denote by C the collection of sets G C (0, 00) x.S for which ¥ (G) € M4 and
m(Ye(G)) = (Ap x opg)(G). By virtue of Lemma 3.1.11, it follows that C contains all elementary
sets, i.e., finite unions of disjoint measurable rectangles. Using the continuity of measure (applied
to the measures m and Ap x op g) and the fact that ¢ is a bijection, it is straightforward to verify
that C is a monotone class. By the monotone class lemma (Theorem 8.3 of [24]), it immediately
follows that £ x ¥p g C C. In other words, foreach G € £ x ¥p g,

@ZJE(G) S ./\/ld and m(d)E(G)) = ()\p X JP7E)(G). (3.13)
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We claim that, for each Borel subset 4 of R?\ {0}, ¢¥,' (A) C £ x Zp . To this end, we write
¢E(£ X ZP,E) = {wE(G) :Ge L x ZP,E}

for the o-algebra on R4 \ {0} induced by ¢g. In view of Lemma 3.1.13, ¢p(L x Xp ) contains
every open subset of R? \ {0} and therefore

BRI\ {0}) C Yp(L x XpE).

where B(R?\ {0}) denotes the c-algebra of Borel subsets of R? \ {0} thus proving our claim.

Together, the results of the two preceding paragraphs show that, for each A € B(R? \ {0}),
Y5 (A) C L x Sppand m(A) = (A\p x opg) (15 (A)). Upon noting that £ x Spg C (£ x Spg),
we immediately obtain the following statement: For each 4 € B(R?\ {0}),

V' (A) € (L x Zpp) and m(A) = (A\p x opp) (W5 (A)). (3.14)

In comparing (3.13) and (3.14) with Properties 1 and 2 of Lemma 3.1.14 and, upon noting that
((0,00) X S, ([, X EP,E)/,)\p X UpyE) is the completion of ((0, OO) x S, L X EP’E,/\p X UP,E) and
(R4 \ {0}, My, m) is the completion of (R \ {0}, B(R? \ {0}),m), Property 1 of Theorem 3.1.8
follows immediately from Lemma 3.1.14.

It remains to prove Property 2. To this end, let f : R? — C be Lebesgue measurable. Because
Mg ={ACRI\ {0} : ;' (A) € (L x Spp)'}, it follows that f o is (£ x Xp )'-measurable. In
the case that f > 0, we may approximate f monotonically by simple functions and, by invoking
Property 1 and the monotone convergence theorem, we find that

fde= [ @y [ fourddexar). (3.15)
Rd R4\ {0} (0,00)x S

From this, (3.6) follows from Fubini’s theorem (see, e.g., Part (a) of Theorem 8.8 and Theorem 8.12
of [24]). Finally, by applying the above result to | f| > 0, we obtain f € L'(R?) if and only if foy €
LY((0,00) x S, (L x Xpg)',A\p x opg). In this case, by applying (3.15) to Re(f)+, Re(f)—, Im(f)+
and Im(f)_, we find that (3.15) holds for our integrable f and, by virtue Fubini’s theorem (see,
e.g., Part (b) of Theorem 8.8 and Theorem 8.12 of [24]), the desired result follows. Ol

Our next result, Proposition 3.1.15, guarantees that, in particular, op g is a Radon measure.

Proposition 3.1.15. The following statements are true:

1. (S,XpE,opE) is the completion of the measure space (S,B(S),opg). In particular, the
(S,Xpp,opE) is complete and every F' € Xpp is of the form F = G U H where G is a
Borel set and H is a subset of a Borel set Z with op p(Z) = 0.

2. Foreach F € ¥pE,
ope(F) =inf{opr(0): F C O C Sand O is open} (3.16)

and
ope(F)=sup{opp(K): K C F C Sand K is compact}. (3.17)
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Remark 3. This proposition can be seen as an application of Proposition 3.1.4 and Theorem 2.18 of [24].
The proof we give here is distinct and, we believe, nicely illustrates the utility of (3.6) of Theorem 3.1.8.

Proof. Throughout the proof, we shall write 0 = op g, ¥ = ¥ pp and, foreach F C S, F= FA’E We
remark that, by standard arguments using G5 and F, sets, Item 1 follows immediately from Item
2. Also, given that S is compact and o is finite, it suffices to prove (3.16), i.e., it suffices to prove
the statement: For each F' € ¥ and € > 0, there is an open subset O of S containing F' for which

oc(O\F)<e.

To this end, let F € ¥ and € > 0. Given that ' € M, and m is outer regular, there exists an open
set U C R%\ {0} for which F C U and m(U \ F') < €/(2up). Since F is a subset of the open set

B\ {0}, we may assume without loss of generality that U C B\ {0} and so m(F') < m(U) < oo

and _ ~
m(U\ F)=m(U) —m(F) < e€/(2up). (3.18)

For each 0 < r < 1, consider the open set
0, =Sn (rFU)

in S. Observe that, foreach z € F, rEz € F C U and therefore x € O,. Hence, foreach 0 < r < 1,
O, is an open subset of S containing F'.
We claim that there is at least one ¢ € (0, 1) for which

m(Om) < m(U) + 6/(2/“3)' (319)

To prove the claim, we shall assume, to reach a contradiction, that

m(O,) > m(U) + ¢/ (2up)

for all 0 < r < 1. By virtue of (3.6) of Theorem 3.1.8,

@) = [~ [t atan) e an

Upon noting that U C B\ {0}, it is easy to see that

U= U sFO, and rEne U sF O,

0<s<1 0<s<1

ifand only if 0 < » < 1 and n € O,. Consequently,

m)= [ [ xo.matan) vetar= [ o@rtr=ar= [Cup @)t ar

Upon making use of our supposition, we have

1 N 1
/0 up - m(O,)rHe L dr > / - (m(U) + ¢/ 2up))r* " dr = m(U) + ¢/ (2pp)

and so
m(U) = m(U) + ¢/ (2pp),
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which is impossible. Thus, the stated claim is true.
Given any such 7 for which (3.19) holds, set O = O,,. As previously noted, O is an open
subset of S which contains F'. In view of (3.18) and (3.19), we have

m(O) = m(F) <m(U) — m(F) + ¢/(2up) < ¢/(2up) + €/ (2up) = €/pip

and therefore

o(O\ F) = 0(0) = o(F) = pp(m(0) — m(F)) < e,

as desired. O

3.1.3 The construction is independent of £ € Exp P

In this subsection, we show that the measure o p f is independent of the choice of £ € Exp(P) and
complete the proof of Theorem 3.1.1. We let £, E2 € Exp(P) and consider the measure spaces
(S, XpE,,opE ) and (S,XpE,, 0pE,) produced via the construction in Subsection 3.1.1.

Proposition 3.1.16. Xp g, = Xpp, and opg, = 0pE,.

Proof. Throughout the proof, we will write ¥; = ¥p g, and 0; = op g, for i = 1,2. In view of the
Proposition 3.1.15, it suffices to show that

O’1(F) = O'Q(F)

for all F' € B(S) C 1 N X,. To this end, we let F' € B(S) be arbitrary but fixed.
Given n € N, using the regularity of the measures o; and o3, select open sets O,, 1, O, 2 and
compact sets K, 1, K, 2 for which

Kn,j CFC On,j and Jj(On,j \Kn,j) < 1/n

for j = 1,2. Observe that K,, = K,, 1 U K,, 2 is a compact set, O,, = O, 1 N Oy, 2 is an open set, and
K, C I C O,,. Furthermore,

0j(On \ Kp) < 0j(On,; \ Knj) <1/n

for j = 1,2. Given that O,, is open in S, O, = S U U,, where U, is an open subset of R? and,
because that S is compact, K,, = K,, N S is a compact subset of R%. By virtue of Urysohn’s lemma,
let ¢, : R? — [0, 1] be a continuous function which is compactly supported in U, and for which
¢n(z) = 1for all € K,. Using this sequence of functions {¢y, }, we establish the following useful
lemma.

Lemma 3.1.17. For j = 1,2and n € N, define g, ; : (0,00) = R by

1) = [ on(rFim) 7 (a).
forr > 0. Then gy, ; is continuous for eachn € Nand j = 1,2 and
oj(F) = lim gy;(1)

forj=1,2.
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Proof. First, we note that, for each r € (0,00), the above integral makes sense because 1
¢n(rFin) is Borel measurable (because it’s continuous on S) and non-negative. Let ¢ > 0 and
ro € (0,00) be arbitrary but fixed. It is clear that the function (0,00) x S 3 (r,1) + ¢, (rFin) is
continuous on its domain and therefore, in view of the compactness of S, we can find a § > 0 for
which

. : €
| (rEin) — gbn(réj]nﬂ < 20:(9) whenever |r —ro| <6
J

for all n € S. The triangle inequality guarantees that

9057) = 9n )| < [ o) = (s o) < /2 < ¢

whenever |r — 9| < §. Thus, g, ; is continuous.
We observe that

g (1) = ]Q<¢n(n)03(dn)

because 1%/ = I. By construction, we have xx,, (1) < ¢,(n) < xo, (n) foralln € Sand n € Ny and
therefore
9j(Kn) < gnj(1) < 0;(On)

by the monotonicity of the integral. Since

o;(F) = lim 0;(K,) = lim 0;(0y)

n—0o0 n—oo

in view of our choice of O,, and K, the remaining result follows immediately from the preceding
inequality (and the squeeze theorem). /

Let us now complete the proof of Proposition 3.1.16. Givenany 0 < s < 1 < tand n € N, consider
the function f = f, s : R? — [0, 1] given by

f(@) = dn()X[s (P(2))

for x € R Ttis clear that f is Lebesgue measurable on R? and non-negative. By virtue of Theorem
3.1.8 (applied to the two measures o1 and 02), we have

/ /f r1in) o ( dn)r“P_l dr = o f(z)dx :/0 /Sf(rEQn) Ug(dn)r’“’_l dr (3.20)
Upon noting that
FrPin) = on(r%m)xsg (PrPin)) = én(rm) x50 (rP(1) = Xjs.q (1) (1)

forr € (0,00),n € S,and j = 1,2, we have

| [seBmaganestar= [ [ o.aBnagnestar= [ guswrertar
0 S [s,t] S [s,t]

for j = 1,2. By virtue of the Lemma 3.1.17, r — gw(r)r“P_l is continuous and necessarily
bounded on [s,t] and so the final integral above can be interpreted as a Riemann integral. In
this interpretation, we have

t [e's)
L%AWWIW=A Lﬂﬂw@wmwlm (3.21)
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forj=1,2and 0 < s < 1 < t. In view of (3.20) and (3.21), we conclude that

t t
/ gn,l(r)rup_l dr = / gn’z(r)frﬂP—l dr
s s

forall 0 < s < 1 < t. In view of continuity of the integrands, an application of the fundamental
theorem of calculus now guarantees that ¢, 1(1) = gy, 2(1) for each n € N. Therefore

o1(F) = lim go1(1) = lim gn(1) = 02(F)
by virtue of Lemma 3.1.17. O

In view of Proposition 3.1.16, we will denote by X p and op the unique o-algebra and measure on
S which, respectively, satisfy

ZP:EP,E and op =0PpPE

for all E € Exp(P). We will henceforth assume this notation.

Lemma 3.1.18. Given any O € SL*(R?) and Lebesgue measurable ' C RY,

m(OF) = m(F).

Proof. This lemma can be proved using the argument provided in the proof of Lemma 3.1.9. [

Proposition 3.1.19. Forany O € Sym(P) and F € ¥p, OF € ¥p and
op(OF) = op(F).

That is, the measure o p is invariant under the action by Sym(P).

Proof. Let O € Sym(P), F € ¥p and, for E € Exp(P), define E' = O~'FO. In view of Proposition
2.0.10, we note that E’ € Exp(P). Observe that

OF)g= |J »#(or)= |J o(0""FoF)=0 ( U rE’F> — OFp (3.22)
0<r<1 0<r<1 0<r<1
thanks to Proposition 6.1.1. In view of Proposition 3.1.16, we have OZ?E// € Mybecause F € Xp =

Ypr and O is linear. Using (3.22), we find that (OF)g € M, and therefore OF € ¥pr = ¥p by
virtue of Proposition 3.1.16. Moreover, we have

opp(OF)=pup-m <(OF)E) =pup-m (OFNE/) =pup-m (ﬁp) =opp(F),

where the third equality follows from Lemma 3.1.18. A final appeal to Proposition 3.1.16 guaran-
tees that
op(OF) = opp(OF) =opp/(F) =op(F),

as desired. 0



3.2. USING A SMOOTH STRUCTURE ON S TO COMPUTE o 49

This is the final result required to completely prove Theorem 3.1.1:

Proof of Theorem 3.1.1. Together, the results of Propositions 3.1.15, 3.1.16 and 3.1.19, guarantee that
op is a Radon measure satisfying Properties 1 and 2. Property 3 follows directly from Proposition
3.1.16 and the definition of op in terms of op i for any £ € Exp(P). Similarly, Properties 1 and 2
follow from Theorem 3.1.8 by virtue of Proposition 3.1.16. O

3.2 Using a smooth structure on S to compute o

In this section, we consider the special case in which a positive homogeneous function P on R? is
smooth!2. Under this additional assumption, we show in Proposition 3.2.1 that V P is everywhere
non-vanishing on S and so S is a smooth compact embedded hypersurface in R?. For a detailed
treatment of smooth manifold theory, the author encourages the reader to refer to [16]. For an
elementary application of theory to be presented here, the reader may refer to Section 4.2.

We first set up some notation: For a smooth manifold M, we denote by A(M) its unique maximal
atlas. Also on M, the collection of smooth vector fields is denoted by X(M) and, for each k =
1,2,..., the set of (smooth) differential k-forms on M will be denoted by QF(M). In this section,
we integrate non-smooth differential forms and, for the generality needed here, we shall refer the
reader to [19] for background (Another perspective is given in [1]). To this end, let us denote the
Lebesgue o-algebra of measurable sets on M by £(M). We note that F' € £(M) if and only if,

o(FNU) e My

for every chart (o, U) € A(M). An n-form w on M, with n = dim(M), is said to be (Lebesgue)
measurable, if in each coordinate system (¢, ), the local representation

w = hy(v)dzt Adr? A Ada™
in the coordinates ¢ = (z!,2?%,...,2") has hy(z) a Lebesgue measurable function on U = ¢(U)
R". The collection of measurable n-forms on M is denoted by £(A%(M)) and, naturally, Q¢(M)
L(A%(M)). As standard, we shall use Einstein’s summation convention.

C
-

We view R? as smooth oriented Riemannian manifold with its standard Euclidean metric g, ori-
ented smooth atlas A (R?), and Riemannian volume form d Volga. Given any F € Exp(P), con-
sider £ € X(R?) defined, at each z € R?, by

(Er)e(f) = %f(l‘ +t(Ex))|,_,

for f € C®°(R?). In the standard (global) chart with coordinates » = (z!,22,...,2%), (€g). €
T.(R%) is given by
(Ep)e = (Bx)*0ze = B2 0y

'Many of the results in this section remain valid (with appropriate modification) under the weaker assumption that
P € CHR?) for k = 1,2,.... In this setting, S is easily seen to be a C* manifold. Because working in the smooth
category is sufficient for our purposes, we shall not pursue the greater level of generality but invite the reader to do so.
2To avoid trivialities, we assume that d > 1 throughout.



50 CHAPTER 3. A GENERALIZED POLAR INTEGRATION FORMULA

where (Eg) is the standard matrix representation for £ and 0, = 9/0z“. By an abuse of notation,
we shall write V P to denote both the function
ozl 922" dad

RdeHVP(m):<8P or 8P>€Rd,

where gc—i = %LE for a = 1,2...,d, and its canonical identification VP € X(R?) given by
d
—ap OP oP oP
a=1

in standard Euclidean coordinates z = (z%). Of course, for each x € R4, the Riemannian norm
|V Pl of VP, € T.(RY) coincides with the Euclidean norm |V P(z)| of VP(x) € R% These
equivalent quantities (functions) will be henceforth denoted by |V P.

Proposition 3.2.1. Foreachn € S,
g(VP,E)y=VP(n)-(En)=1.

In particular, VP # 0 on S and so S is a compact embedded hypersurface in R

Proof. Given that E € Exp(P) and P € C*(R%), we differentiate the identity rP(x) = P(r¥z) to
find that

P(z) = %P(TEZL‘) =vVvP@rfz) ((r"'E)2)

forr > 0and z € R% In particular, when» = 1 and z = n € S, we have

oP o« — o _
L= VP@) - (Bn) = 5 (BN =Gas (V)" (&) =G(VP,E)y.
Thus, our (necessarily) compact level set S is a smooth embedded hypersurface of R? in view of
the regular level set theorem. O

We shall denote by ¢ : S < R? the canonical inclusion map and set d' = d — 1. As an embedded
submanifold of R?, S is a Riemannian submanifold of R? with metric ¢° given by

9°(X,Y) = g(te(X), 0(Y))

for X,Y € X(S); here, for eachn € S, 1. : T,,(S) — T,,(R?) is the pushforward of ¢. In view of the
preceding proposition, N := V P/|V P| € X(R%) is a smooth unit normal vector field along S and it
determines an orientation on the Riemannian manifold S. Equipped with this orientation, (S, g°)
is an oriented Riemannian manifold and we shall denote by d Volg the Riemannian volume form
and by A, (9) its corresponding (maximal) oriented atlas. By virtue of Proposition 15.21 of [16],
dVolg = (N 1dVolga)ls, ie.,

dVOls(Xl, X27 ce ,Xd/) = dVOle(N, L*(Xl), L*(XQ), ceey L*(Xdl))

1
WdVOIRd (VP, L*(Xl), L*(XQ), ey L*(Xd/))
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for any collection { X1, Xo,..., Xg} € X(S). Beyond d Volg € Q¥ (S), we consider the following
smooth d’-form(s): Given E € Exp(P), define dop r € Q% (S) by

dURE(Xl,XQ, PN ,Xd/) = dVO]Rd(gE, /,*(Xl), L*(XQ), ceey L*(Xd/))

for X1, Xs,..., Xy € X(S). We have

Proposition 3.2.2. For any E € Exp(P),

1
dO'P7E = deols .

In particular, dop g is positively oriented and is independent of E € Exp(P).

Before proving the proposition, we first treat a lemma of a purely linear algebraic nature.

Lemma 3.2.3. Let vy, va, . . ., v be linearly independent vectors in RY and suppose that w € R%\ {0}
is such that w 1 v; for all i. Then, for any z € R? for which z - w = 1,

1
det(z,v1,v2,...,09) = m det(n, vy, va,...,00) = e det(w, v1,ve,...,v0).
where n = w/|w|.
Proof. Given z € R? such that z - w = 1, it follows that
z = mn + a1v1 + agva + - - - agrvgr .
By the multilinearity of the determinant map, we have
1
det(z,v1,v9,...,09) = det | —n+ajvy+ agva + -+ ag vy, v1,v2, ..., Vg
|w|
1
= ﬁ det(n, V1,02, . .. ,’Ud/) + det(alvl + -+ aqgvg,v1, V2, ... ,’Ud/)
w
1
= —det(n,v1,v2,...,04)+0
||
where we have used the fact that the columns of the matrix (ajv1 + - - + agvg, v1,ve,. .., vy ) are
linearly dependent to conclude that the final determinant is zero. ]

Proof of Proposition 3.2.2. We fix E € Exp(P) and note that the assertion at hand is a local one.
Thus, it suffices to verify that, for any n € S and X1, Xo, ..., X¢ € T,,(5),

dO’p7E(X1,X2, coey Xd’)

= P ‘dVole(Nn, L (X1)s 0 (X2),s -y (X))
n
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Fix n € S and let (O, ¢) be a coordinate chart centered at n with local coordinates u = (u®). As
usual, denote by z = (2%) the Euclidean coordinates on R%. Foreachi = 1,2,...,d,

Xi = Xl-a(‘)ua and Ly (Xz) = ’Uf@xﬁ

where

8 a@xﬂ
For each i = 1,2,...,d, we set v; = (v},v?,...,0f) € R Also, let w = VP(n) € R? with

lw| = |V P(n)| =|VP,]|, setn =w/|lw| €R?and note that

d
8k—n8

Given that VP is normal to S, we have
v; - w =g, vy w” =G(t(Xi), VP)y; =0

and therefore w L v; for each i = 1,2,...,d. Upon recalling that (£g), = (En)“0y«, set z =
(En), (En)?,...,(En)?) € R?and observe that z -w = 1 by virtue of Proposition 3.2.1. An appeal
to the lemma guarantees that

dUpyE(Xl,Xg,...,Xd/) = dVOle(SE,L*(Xl),L*(XQ),...,L*(Xd/))
= det(z,v1,v2,...,04)

1
= —det(n,v1,v2,...,04)

|wl

1
- ‘VP’dVole( Ny 1(X1), 0(X2), oy e (X )
n

= ——dVolg(X1,Xo,....Xp).
|VP| ols(X1, Xo,..., Xu)

O
By virtue of the preceding proposition, we shall denote by dop the unique smooth d’-form on S

which satisfies

dop = dopp = ——dVolg (3.23)

\VP |
for all £ € Exp(P). In this notation, we have this section’s central result.

Theorem 3.2.4. Let P be a smooth positive homogeneous function and let S = {n € R? : P(n) = 1}.
Then S is a compact smooth embedded hypersurface of RY. Viewing R? as an oriented Riemannian
manifold with its usual orientation and metric g, N = V P/|V P| is a smooth unit normal vector field
along S. As a submanifold of R¢, S is a oriented Riemannian manifold of dimension d' = d — 1 with
its induced Riemannian metric g%, volume form dVolg € Q% (S) and orientation determined by N.
The o-algebras Xp and L(S) on S coincide and the smooth d'-form dop € Q% (S), defined by (3.23),
coincides with the measure op in the sense that

/ g(n) op(dn) = / gdop (3.24)
S S
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forall g € L'(S,Xp,op); here, the left hand side represents the Lebesgue integral of g with respect to
op and the right hand side is the integral of the measurable d'-form g dop. Furthermore, the measure
op and the canonical Riemannian volume measure Volg on S are mutually absolutely continuous.

The following two lemmas will take us to the proof of this theorem. The first lemma lets us relate
the smooth d’-form doprp = dop to the Jacobian induced by some parameterization <p_1 via the
Riemannian volume form d Vol and d Volgs.

Lemma 3.2.5. Let (U, ) € A(S) and E € Exp(P). Set U = o(U) CR¥,V = (0,1) x U and define
pEy:V = Rland hp, : U — R, respectively, by
pEe(y) = VE(r ™) =Yo7 (u)

fory = (r,u) € Vand
hi(u) = det (Egofl(u)} Dugofl(u))

for w € U; here, the vertical bar separates the first column of the (necessarily) d x d matrix from the

rightmost d x d' submatrix and D,, denotes the Jacobian in the coordinates u = (u',u?, ... ,ud/) eU.

Then, pg,, is a diffeomorphism onto its image pg,,(V) = Ug and its Jacobian matrix Dpg,, has
det(Dpp,o(y)) = " hpp(u) (3.25)
forall y = (r,u) € V. Furthermore, h , is everywhere non-zero, smooth and

dop = hp,(u)du' Adu® A--- A du® (3.26)

in the coordinates u = (u',u?,... u¥) e U.

Proof. The map pg,, is smooth because ¢ is smooth. By virtually the same argument made in the
proof of Proposition 3.1.3, which here uses the fact that P € C*°(R?), we conclude that pg, is a
diffeomorphism onto

ppe(V)= J rPu=up
0<r<1

with inverse pg}w(az) = (P(2), o((P(z))~Fz)). For y = (r,u) € V, observe that

Do) = (G0t )
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Using properties of the determinant, we have
E L 1 -1
det(Dpg(y)) = det(r”)det <Eg0 (u)| Dy (u)>
T
= T E1 et (Ecp_l(u)‘ Dugp_l(u))

T“P_lhE#, (u)

for all y = (r,u) € V thus proving (3.25). It is clear that hg , is smooth and, by virtue of the
fact that pg, : (0,1) x U — Ug is a diffeomorphism, (3.25) guarantees that hg , is everywhere

non-vanishing. Finally, in view of Proposition 3.2.2 (and (3.23)), we find that
hge(u) = det (Egofl(uﬂ Dugofl(u))
= (dVOIRd)¢*1(u) (EE, L*(aul), L*(auz), ey L*(aud'))
= (dO-P)Apfl(u) (8u1 y (9u2, ey (9ud/)

for u € U and so (3.26) is satisfied. 3 Ol

Lemma 3.2.6. Let g € LY(S,p,op) be supported on the domain of some chart on S. Then, for
any U, ) € AT(S) such that Supp(g) C U, the pushforward (¢=1)*(g) = g o p~ ! is Lebesque
measurable on U = o(U) C RY and

[ atmartan = [ @y tgdor).

U

Proof. Let (U, ) be a chart on S for which Supp(g) C U and assume the notation of Lemma 3.2.5.
Given E € Exp(P), observe that

f(@) = pp x(01)(P(@)g(P(z) Fa),

defined for = € R4\ {0}, is supported on Ug = p E,0(V). An appeal to Corollary 3.1.2 guarantees
that f is absolutely integrable on pg (V) and

/ o(n) op(dn) = / f(x) d. (3.27)
S pE,o(V)

Given that pg , is a diffeomorphism, an appeal to Theorem 15.11 of [2] guarantees that
| t@de= [ foraw)ldetDos.ow)] s (329)
pE,Aﬂ(V) 1%

in particular, V 3 y — f(pp.,(y))|det(Dpg »(y)) is Lebesgue measurable on RY. Let us now view
the Lebesgue measure dy on R? as the completion of the product measure dr x du on the product
space R x RY. By virtue of Lemma 3.2.5, we have

Floe W) det(Dppe()| = frPe (w) r*? g (u)l
= up X0 (M)gle (W) hp g (u)]
= pprt? (e (W) hp p(u))| (3.29)

3For more details on conventional notation in smooth manifold theory, the reader may reference [16].
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for y = (r,u) € V. By virtue of Fubini’s theorem, dr-almost every r € (0, 1), the r-section
Usus pprt?g(o (u) | hip(u)l

is Lebesgue measurable and, upon recalling that hg , is smooth and everywhere nonzero, we
conclude that (p~1)*(g) = goyp ! is Lebesgue measurable on U. In view of (3.29), Fubini’s theorem
also guarantees that

/ F(pro®))| det(Dpp o (1) dy = / / 1p TP Lo~ ()| B ()| dus
v 0,1)Ju

- [ Cp it ([ ste piheoto ) ar

- /U 9(~ ()| iz g ()| du (3.30)

By combining (3.27), (3.28) and (3.30), we have shown that (¢~1)*g = go ¢! is Lebesgue measur-
able on U = ¢(U) and

L otmetan = [ gt @) ) du
Finally, if (U, ¢) € A4 (S), an appeal to Proposition 3.2.2 and (3.26) of Lemma 3.2.5 guarantees that
|hE#,(u)] = hE,@(u) = (dO'p)‘pfl(u) (8u1,8u2, - ’8ud/) >0

forallu = (u',u?,...,u%) € U and thus

[ smortn = [ oo™ w)he () du
S U
= / gl () hgp(u) dut Adu® A--- A du®
U
— [ dow).
U

as desired. O

Remark 4. In studying the proof of Lemma 3.2.6, we deduce a slightly more general statement: Given any
chart U, p) € A(S) and g € L*(S,Xp,op) for which Supp(g) € U, (¢~ 1)*g is Lebesgue measurable on
U = o(U) and

/U (V) (gdop) iU, p) € Ai(S)
/S g(n)op(dn) =
- /U () (gdop) if U g) € A(S) = A(S) \ A, (S).

Proof of Theorem 3.2.4. In view of Proposition 3.2.1 and the discussion following its proof, it re-
mains to prove the assertions in the last two sentences in the statement of the theorem. Given
any F € Yp and chart (U4, p) C A(S), we have x,pruy = (¢71)* (xFpru) is Lebesgue mea-
surable on U = ¢(U) and so it follows (Exercise 4.6.2 of [19]) that ' € L(S). Consequently,
B(S) CXp C L(S).
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Let g € L'(S,Yp,op), which is necessarily Lebesgue measurable on S in view of the results
of the previous paragraph. Now, let {(U;,¢;)} C AL (S) be a countable atlas on S and let {x;}
be a smooth partition of unity subordinate to the cover {¢/;}. For each j € N, observe that kg €
LY(S,¥p,op) and has Supp(k;g) C U;. By virtue of Lemma 3.2.6, we have (@}1)*(/@9 dop) is
integrable on U; = ¢(U;) and

[ witmatnontin = [ ') (rigdor) (331)
S )

J

for each j € N. With the help of Proposition 3.2.2, it is easy to see that gdop and x;gdop (for
j € N) are Lebesgue measurable d’-forms on S. In view of (4.4.6) of [19], (3.31) ensures that, for
each j € N, k;g dop is integrable (in the sense of forms) on S and

/S kj(n)g(n)op(dn) = /S Kjgdop.

By the monotone convergence theorem, it follows that

/I{jng'p
S

Therefore, in view of the construction on p. 242 of [19], we conclude that the d’-form gdop is
integrable and

/Sg(n)ap(dn) Z;/gﬁj(n)g(n)op(dn) ZJZ_;/Sﬂjgdop = /Sgdap

by virtue of the dominated convergence theorem; this is (3.24).
Finally, given that |V P| is continuous and non-vanishing on the compact set .S,

[e. 9]

D

j=1

e}

=) /Sﬁj(n)g(n)a(dn)’ < ;/gﬁj(n)lg(n)lop(dn) = llgllri(ssp.op) < 00

i=1

1 1
C =1 f d C =
LR e Y TP

are both positive real numbers. For each F' € ¥p C L(5), (3.24) guarantees that

op(F) = /S xr()op(dn) = /S \r dop

By virtue of Proposition 3.2.2, it follows that

Cl\/ols(F):Cl/XFdVols S/XFdVOIS:/XFdO'p:O'p(F)
s s |V P| s

and

op(F) :/XFdUp:/ X 1Volg §CQ/XFdVolg:CQVolS(F)
s s |VP| s

where we have used the definition of the Riemannian volume measure on S, c.f., [1]. In short,
there are positive constants 'y and C5 for which

Cl VOIS(F) S UP(F) S CQ VOls(F) (332)

for all F' € ¥ p. In particular, (3.24) holds for all F' € B(S) and so it follows that the completions
of the o-algebra B(S) with respect to op and Volg coincide. We know, however, that Volg, which
is defined on £(.9), is a Radon measure (Proposition 1.5 [1, Chapter XII]) and, by virtue of Propo-
sition 3.1.15, it follows that X p = £(.5) and (3.32) holds for all F' in this common c-algebra. Thus
op and Volg are mutually absolutely continuous and the theorem is proved. O
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We immediately obtain the following corollary which allows us to compute the Lebesgue integral
with respect to op in coordinates.

Corollary 3.2.7. Let g € L'(S, L(S),op). Then, given any countable (or finite) atlas {(U;, p;)} C
AL (S), smooth partition of unity {«;} subordinate to {U;}, and E € Exp(P),

/S g(m)op(dn) = ZJ: /S Kjgdop = Zj: /U j ki (0 (W) g (o™ (1) hpp, (u) du

where, for each j, U; = ¢;(U;) € RY and
hisg,(u) = det(Ep™" (u)| Dup ™)

foru = (uh,u?,. .. ut) e Uj.
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Chapter 4

Van der Corput Lemmas and Estimating
Oscillatory Integrals

In this chapter, we are interested in some technical results related to estimating one-dimensional
oscillatory integrals of the form

b
/ e @y (2) da, 4.1)

where @, are functions which satisfy certain hypotheses. In particular, ® is a real-valued func-
tion. Here, ®(x) is often referred to as the phase function, while ¢(x) the amplitude. Integrals of
this form often appear in Fourier analysis and are treated extensively in this context (see Chapter
8 of [27], for example). In Section 4.1, we present a number of propositions and lemmas and prove
a version of the Van der Corput lemma (Lemma 4.1.6), which is a key ingredient for obtaining
our sup-norm estimate of convolution powers. The main approach we take to prove our prelim-
inary results is fairly standard; however, we also take a more general approach by considering
sub-level set estimates inspired by [20], which then gives the Van der Corput lemma as a special
case. In Section 4.2, we apply our result to obtain decay estimates for the Fourier transform of the
surface measure op associated with a positive homogeneous polynomial P along the coordinate
axes. These estimates are a partial improvement of the results in [12].

4.1 Estimating Oscillatory Integrals & the Van der Corput lemma

The following result helps us isolate the influences of the amplitude ¢ and the phase ® on the
decay of (4.1); its proof makes use of integration by parts.

Lemma 4.1.1. Let h € L([a,b]) and g € C*([a, b]) be complex-valued. Then for any M such that

/a " h(u) du

[ stwnuau

<M

forall x € [a,b] we have

<M ([|lg']l, + llglls) -

59
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Proof. Since h € L'([a, b)), the function

is absolutely continuous and f’(z) = h(z) almost everywhere. Further, because |f(x)| < M for all
x € [a,b], we have, by integration by parts,

b b
/ g(u)h(u) du = g(u)f(u)‘z - / g (u) f(u) du.
It follows that

b b
[ stwntdu) < 1109+ 0+ [ 1)l )] du < M (gl + 9],)-

O]

Remark 5. The assumption that g is once continuously differentiable can be weakened slightly to ask that g
belongs to the Sobolev space W' ([a, b]). For the essential details, we refer the reader to [17] and specifically
Theorem 7.16.

Proposition 4.1.2. Let ® € C?([a,b]) be a real-valued function for which ®' is monotonic and
|®'(x)| >0 > 0 forall z € [a,b], then
b .
/ ez<I>(x) dr

4
< -
— 0

Proof. Observe that

/b () 1y /b 1 A e\ 4
a ¢ v o 19/(x) dz v
b b
. d 1
_ i®(z) &
u /a © dx <’L(I)/(l‘)> dx

where we have integrated by parts and used the fact that ' never vanishes. Consequently,

b b d 1
i®(z) il
f[eroa [ () 2

Since ¢’ is monotonic, the absolute value in the second term of the right hand side can be brought
outside of the integral. Subsequently, we apply a fundamental theorem of calculus to this term to

obtain the first assertion by taking
b
d 1
— | == )| dz =2
o[ i ()| =

I o)
i®(z)°

1 1

=90~ ¥a)

L1
o'(b)  D'(a)

R
'(b)  D'(a)
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We note that the function ® in the preceding proposition has no critical points on [a, b]. In what
follows, we will extend the result of Proposition 4.1.2 by obtaining an estimate for

b .
/ ezcb(x) dr

where @ is a real-valued function on [a, b] such that for some £ > 2 and § > 0 we have ¢ €
C*([a,b]) and |<I>(k) (z)| > é forall z € [a, b]. To this end, we require the help from the forthcoming
results (Proposition 4.1.3 and Lemma 4.1.4) to count and bound the (Lebesgue) measures of sub-
level sets of ®, which have the form

Eo={tc[ab:|®#)]<a)

for each o > 0. Proposition 4.1.3 is inspired by Proposition 1.2 of [20]. The proof of Proposition
4.1.3 is fairly involved and makes use of the Lagrange interpolation polynomials, while the proof
of Lemma 4.1.4 is a straightforward induction argument on the number of critical points of f.

Proposition 4.1.3. For an integer k > 1, suppose that ® € C*([a,b]) is real-valued and, for some
6 >0, <I>(’“)(t)‘ > 0 forall t € [a,b]. Then, for each o > 0, the sub-level set E, = {t € [a,]] :
|®(t)| < a} has

m(a) <2k (3)"

where m denotes the Lebesgue measure on R.

Proof. Since ® is continuous, there is an integer N for which E, = Ui\;lEi where E; for ¢ =
1,2,..., N are disjoint compact intervals for which

max By <min Fy <max Fy <---<max Fy_1 <min Fy.

Slide each E; along R such that max E; = min E; 4 fori = 1,2,...k — 1 to create a single closed

interval I with m(I) = m(E,). Pick k + 1 equally spaced points z{, 2/, ...,z in I and move the

intervals E; back to their original positions. The selected points are now xg, z1, . .., z} and satisfy
, = —_—

|z — 2] zm(EQ)T, forj,l=0,1,...,k (4.2)

Let us now consider the Lagrange interpolation polynomial

k
h(z) =) (a;)p;(x)

=0
where
pj(z) = ﬁ (o 2g)
’ o (@1 — )
1]

for j = 0,1,...,k. As designed, each p; is a kth-order polynomial and % interpolates ® at the
points xg, 1, . .., zk. In particular, F'(x) := h(x) — ®(z) vanishes at zg, 21, . . ., 2} and is necessarily
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k-times continuously differentiable on [a, b]. It follows that there are k points y; < yo < -+ < Yy
suchthatxg < y1 <21 <yYg < 9 < -+ <y < 23 and

Fl(y1) = F'(y2) = -+ = F'(y) = 0.

Upon repeating this argument an additional k — 1 times, we find that F(¥)(¢) = 0 at some ¢ € (a, b)
and here,

k
k) (¢) => o=

7=0
By virtue of (4.2), foreach j =0,1,2,...k,
Kk k! k* (k:)
pr— k" = " B = . .
o= H\:cz—%! m(E ’“H\J—l\ m(Ea)k ik = §)t m(Ea)* \j
l;éj l?é]

Because § < }@(k) (5)} and |®(z;)| < aforeach j =0,1,2,...,k, it follows that
k

k k& ’
x; alp® L ’ = o(2h)
< 1> (M) < ZB P < B ;::0 (J) m(Ea)

7=0

where we have made use of the binomial theorem. Consequently,

m(Eq )<2k<5>1/k.

Lemma 4.1.4. Given an integer k > 1, suppose that f € C*([a, b)) is a real-valued function for which
|f®)(#)| > 0 forall t € [a,b]. Then [a,b] has a minimal cover of compact subintervals I, I, ..., I,
with | < k, for which the restriction of f to each subinterval is strictly monotonic.

Proof. We will prove this lemma by induction on k. When k = 1, the hypothesis ensures that f
is strictly monotonic on [a, b], as asserted. We now suppose that, for k > 1, f € C*+1)([a,b]) and
f®(t) > 0 for all t € [a,b]; the case in which f*)(t) < 0 is similar. Our inductive hypothesis
guarantees a minimal cover I, I, ..., I; of [a,b] where [ < k and each I; is a compact interval
on which f’ is strictly monotonic. Given that a strictly monotonic function can intersect 0 at most
once on its domain, f must have, at most, [ critical points in the interval (a, b), one for each interval
I, I, ..., I,. If there are no critical points, then f is necessarily strictly monotonic on [a, b] and the
desired result holds. Otherwise, denote by x1, z2, . . ., x, the critical points of f where, necessarily,
m < | < k, and we have arranged these points so that a < z; < 22 < --- < x,, < b. In this case,
f is strictly monotonic on the m + 1 compact intervals [a, z1], [1, 22|, .. ., [Tm—1, Tm], [Tm, b]. Of
course, m + 1 <[+ 1 < k+ 1 and so the assertion holds for k£ + 1. O

Now we are ready to prove the following extension of Proposition 4.1.2 to deal with cases where
®(z) has critical points. From here, Lemma 4.1.1 gives us an estimate for more general oscillatory
integrals where ®(x) is not necessarily the constantly 1 functions. A special case of this (where
k = 2) is a version of the Van der Corput lemma which we will state as Lemma 4.1.6 and prove.
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Proposition 4.1.5. Let ® be a real-valued function on [a, b] and suppose that, for some k > 2, & €
C*([a,b]) and ‘(I)Ug) ()| > & for all x € |a,b] where § > 0. Then

b .
/ esz(m) dr

2%k - (2(k — 1))*
5% '

<

Proof. Define, for a > 0,

I(«) :/ (@) dy
{z€[a,b]:|®’(z)|>a}
and observe that
b
/ @) dr| < / @) gz | + / @) gy
a {z€la,b]:|®'(z)|>a} {z€la,b]:|®'(z)|<a}
< [I(o)]+m(Eq)

1

< |I(@)| +2(k — 1) (%) R

for all o > 0 by virtue of Proposition 4.1.3.

Let’s estimate /(). In view of Lemma 4.1.4, there is a minimal cover of [a, )] containing at
most (k — 1) compact intervals on which @ is strictly monotonic. For any a > 0, by removing the
set E, from [a, b], we obtain at most 2(k — 1) compact intervals I, I5,. .., I; covering {z € [a,b] :
|®'| > a} = [a,b] \ E, and on each of which @' is strictly monotonic. Applying Proposition 4.1.2
to each such interval and using the triangle inequality we find
2 oo 1)? = 4k —1)

o o «

()] <1

which holds for all a > 0. Consequently,

b 4(k—1) a1/ (k=1) 2 a1/ (k=1)
i®(x) (= — _ 2. (2
/a e dz| < +2(k 1)<5> 2(k 1)( +(6) )

(6
for all & > 0 and therefore

b : 2 (6% 1/(k 1)
1P (x) - : “ et
/a ‘ de| < 2(k l)gzr;f() <()4 ((5) ) '

It is easily shown that this infimum is attained at

ap = 0% [2(k — 1) %

and so it follows that,

b
/ @) gy

as desired. It follows that for any choice of a > 0,

b .
/ ez@(w) dr

<2(k—1) <jo + (0‘0>k11> _ 2k (2(k - 1))&

Ak — 1)

«

<

Lok —1) (2‘)"11 —2(k—1) [2 + (2‘)’“11] =: f(a),
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Now,
2

k —1 1 k-1

f@g:—ihﬁwﬁﬁ—%k—n}zo¢:>a:&ﬂﬂk—nﬁf.
(e

With this choice of o, we have that f(«a) attains a minimum:

e =]

= Q(k'a; 1) [4 _ (:__12)22(16 _ 1)516115k11:|

(-2

> 0
and that
/beicb(x)dx < 2(16—1) [2+ (?)k—l:|
= 20— 1) [25% - ) T+ {5t e 1) 7}
— {2%6 UYH(’“_”{ (ké—ﬂk
2%k 2(k— 1))k
- 5t
as desired. -

Finally, the following lemma is a version of the Van der Corput lemma which we will use to obtain
sup-norm estimates for convolution powers in the next chapter.

Lemma 4.1.6. Let g € C*([a,b]) be complex-valued and let ® € C?([a,b]) be real-valued such that
®"(x) # 0 for all x € [a,b]. Then

b .
/ g(u)e'®™ dy

. mm{;‘, jﬁ} (l9'll, + llglloe)

where § = inf,cqp) [P (x)] and p = inf cq 4 [P ()],

Proof. Since ®” never changes sign on [a, b], ®’ must be monotonic on [a,b]. As a result, we can
combine Proposition 4.1.2 and Proposition 4.1.5 (with k£ = 2) to find

/ i) gy,
a

iD(u)

St
<min<{ -, —
0 \/p

for any = € [a,b]. Setting h(u) = e we note that the functions g and % are those in Lemma
4.1.1, from which the desired result follows immediately. O
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4.2 An application

An important application of the facts regarding oscillatory integrals in the preceding section is in
the study of averaging operators and the decay of the Fourier transform of surface-carried mea-
sures. Here, we will follow the beginning of Chapter 8 of [27] to give some motivational context.

In R?, the averaging operator A that gives for each function f its average over the unit hypersphere
centered at z is defined by

A(f) () = @28) /S £z — y)©(dy)

where O is the induced measure on the unit hypersphere S;_;. A smooths f in several senses, the
simplest one is given by Proposition 1.1 of [27], which states that the mapping f — A(f) from
L%*(R%) to the Sobolev space W*?2(R%) = H?(R?) with k = (d — 1)/2 is bounded.! The proof of
this statement relies on a crucial fact, which is that the Fourier transform of the canonical spherical
measure O, denoted by (:), can be written as

O(€) = 2mle| "> Iy (2m¢)),

from which and the known asymptotic behavior of the Bessel functions J,,, of order m one finds
B(6)| < o~ (43)

as |¢| — oco. We thus see that the knowledge of how the Fourier transform of the spherical mea-
sure decays allows us to learn something about the averaging operator A. The natural next step
is to generalize the estimate in (4.3). Chapter 8.3 of [27] provides an excellent summary of results
relating the curvature of hypersurfaces and the associated decay estimates. While this is inter-
esting in its own right, for the remainder of this section, we shall turn our attention to directly
obtaining decay estimates of the Fourier transform of a measure o associated with a positive ho-
mogeneous polynomial P along the coordinate axes, using only the facts about oscillatory inte-
grals provided in the preceding section. We will then compare our results to [12], which studies
various mathematical objects derived from estimates on Fourier transforms of hypersurface mea-
sures, and demonstrate that when restricted to only finding decay estimates along the coordinate
axes, our result is slightly more optimal.

To start, let us consider the polynomial P of the form
P(z1,72) = 27 + 5.
An appeal to Corollary 3.2.7 gives us an expression for the Fourier transform of the measure
ap(§) = op(&1,&2):
2055(6) = [ ¢ apan)

s
where of course
S={neR?: P(n)=1}.
From Theorem 1.1 of [12], we have that for any ¢ € RY with sufficiently large |£|, there is a constant
C for which o

l7p(§)| < G (4.4)

For definitions of these mathematical objects, the reader may refer to Chapter 1 of [27].
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With this result in mind, we shall restrict ourselves to only the coordinate axes, i.e., we now study
how |7p(£1,0)| and |55 (0, £2)| decay. Given S, we consider a finite atlas of charts {(Uy, p; ')} with
a=1,2,3,4 given by

e1:(—a,a) =S ¢1(u) = (V1 —utu)
p2:(—a,a) > S pa(u) = —p1(u)
p3:(=b,b) = S ps(u) = (u,—(1 —u?)"/*)
pa:(=b,0) =S a(u) = —ps(u)

where 0 < @ < 1 and (1 —a?)'/* = b. Further, set S, = @o((—a,a)) for a = 1,2 and S, =
©a((—b,0)) for a = 3,4. Figure 4.1 shows the parameterization associated with this atlas.

0.8 - 81 M
0.6

0.4

02 S

02F
04t
-0.6
0.8+ ~ < SZ -

Figure4.1: S

Note that the atlas {(U,, ¢, ')} is defined so that it is positively oriented. We find the P-adapted
surface area scaling factor to be

L= -2 1
h w)=h u) =det | 2 Vicut | = —
Ep1 (4) = hp g, (1) ( Ly 1 ) o/l

foru € (—a,a)and

L, 1
B3 (W) Bpa (W) ¢ (—}1(1 —u?)1/4 2(1u2)3/4>

1
4(1 _ u2)3/4

for u € (—b,b). We want to break this integral up into a sum over the S,’s. To this end, putting
A = (—a,a), B = (—b,b), we let a partition of unity {p,}, where a = 1,2, 3,4 subordinate to the
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cover {p1(A), p2(A), v3(B), ps(B)} associated with the atlas above. With this, we have
2055(6) = [ e ()
s
4 .
= 32 [ paeErplan)
a=1"5
4 .
= 2 / e”*Map(dn)
a=1 o

- / e i p1(u) hE.p () du + / e i€ p2(u) hE s (u) du

—a —a
b

b . .
—|—/be_zf'¢’3(“)hE,¢3(u) du—i—/be_zg"P“(“)hE,m(u) du.

4.2.1 Decay along the &;-axis
When ¢ = (0, &) with £ # 0 we have:

a ) 1 a ] 1
277-6\ = 6_1£2u7 du + e+z€2u7 du
P(&) /_a 91— i Y N

+ ’ +i€a(1—u2)1/4 1 du + ’ —i€a(1—u?)1/4 1 d
¢ a1 —w2pa T e 4(1—u2)3a
= N(&) + I(&) + 13(&2) + 14(&2).

For each of I; and I, the phase function is real-valued, twice-differentiable and has monotonic
first derivative whose absolute value is greater than or equal to [{2| > 0 on (—a,a). Moreover,
the amplitude function is once-differentiable on (—a, a). Thus, we can appeal to Lemma 4.1.1 and
Proposition 4.1.2 to find a positive constant C' for which

C C
[11(&2)] < &l and  |I3(&2)| < Gl

To estimate |I3(&)| and |I4(&2)|, we first let @ (u) = (1 — u?)'/%. We have that ' (u) = 0 if and only
if u = 0, and that the smallest integer k for which ®*) (u) # 0 for all u € [~a, a] is k = 2. Another
appeal to Lemma 4.1.6 yields

C C
1I3(&2)| < |£2‘1/2 and |I4(&2)] < W

It follows that there is a positive constant C' for which

()| = P06 < o

for all £ = (0,&2) where & € R\ {0}. In the case that {; = 0, we can evaluate the integrals, and no
estimates are needed. We see that this estimate is sharper than in estimate in (4.4).
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4.2.2 Decay along the & -axis
When ¢ = (£1,0) we have

P o 1 T o' 1
2wop = / emVI—ut___— gy 4 eti@vVi—vi___— gy
P C WI—ul C 21— ul

b, 1 b 1
_lglui 7/51“7
* /_be 4(1 — u2)3/4 du + /—b e’ 4(1 — u2)3/4 du
= N(&)+ I2(&1) + I3(61) + La(1)-

In view of Lemma 4.1.6, we have

C
[I3(6)| < — and  [L(&)] < -
3 [S1
for some positive constant C. To estimate |I1(&2)| and |I2(&2)|, we first let ®(u) = V1 —ut. We
have that ®'(u) = 0 if and only if u = 0, and that the smallest integer & for which ®*)(u) # 0 for
all uw € [=b,b] is k = 4. Another appeal to Lemma 4.1.6 yields

C
1]

C C
111(&1)] < W and |I2(&)] < W'

It follows that there is a positive constant C' for which

. L C
lop(§)] = lop(£1,0)] < W‘

for all £ = (£1,0) where &; € R. This estimate is consistent with (4.4).



Chapter 5

Application: Estimating convolution

powers of complex-valued functions on
74d

In this chapter, we utilize our generalized polar-coordinate integration formula and the Van der
Corput lemmas from the preceding chapter to obtain sup-norm-type estimates for convolution
powers of “sufficient nice” complex-valued functions ¢ defined on the d-dimensional integer lat-
tice. Section 5.1 covers the necessary theory and includes the main theorem (Theorem 5.1.2). Sec-
tion 5.2 shows how this theory is applied through some examples. This chapter is essentially as it
appears in Section 3 of [5].

5.1 An application: Estimates for convolution powers

This section can be summarized as follows. We first give some historical context related to the
study of convolution powers and define the class of aforementioned “sufficiently nice” functions,
denoted by S;, whose convolution power estimates we wish to obtain. This class of functions, a
subspace of ¢1(Z%), is a discrete analogue of the Schwartz class. Since our approach relies heavily
on the relationship between the Fourier transform and the convolution product, we define both
operations for all functions in ¢!(Z?). From here, with the assumption that ¢ € S;, we can consider
the Taylor expansions I'¢, of the Fourier transform of ¢, denoted by ¢, around the points {n where
¢ is maximized. As we will see, the leading polynomials in I'¢, are related to the positive homoge-
neous functions in Chapter 2 and its subtypes (subhomogeneous and strongly subhomogeneous
of order k) and give rise to a homogeneous order 1, depending on the “type” of {;. We then show
that the smallest homogeneous order over all admissible £;’s dictates the power-law decay of the
sup-norm of the convolution powers ¢(™).

We denote by ¢*(Z?) the set of absolutely summable functions, i.e., ¢ : Z¢ — C for which

ol == > lg(x)] < oc.

x€Z4

69
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Given v, ¢ € ¢1(Z%), the convolution product v * ¢ € ¢}(Z%) is defined by

(Wx¢)(x) =Y v(x—y)d®y)

yezZd

for z € Z¢. For a given ¢ € (1(Z¢), we are interested in the asymptotic behavior of its convolution
powers ¢(™ € ¢1(Z%) defined iteratively by ¢(™) = ¢(*~1 x ¢ for n > 1 where ¢(*) = ¢.

There are known theories for special cases of . When ¢ is non-negative (and satisfies mild
summability conditions), the asymptotic behavior of #™ is well understood and is the subject of
the local (central) limit theorem. For accounts of this history and its connection to probability and
random walk theory, the reader may refer to [15] and [25] (see also Section 7.6 of [22]). When ¢ is
generally complex-valued (or simply a real-valued function taking on both positive and negative
values), its convolution powers can exhibit exotic behaviors not seen in the probabilistic setting.
For example, Figure 5.1 shows the real part and the modulus of ™ for n = 400 and n = 1500
where ¢ : Z¢ — C is given by

144 — 647 (z,y) = (0,0)
16 +16i  (z,y) = (£1,0) or (0,+£1)
_ L —4 ($7 y) - (i27 0) or (07 :l:2)
RAURTTRAT (2,y) = £(1,1)
0 otherwise.

The problem of describing these behaviors dates back to Erastus L. De Forest in his study of data
smoothing in the nineteenth century and was further pursued by Isaac J. Schoenberg and Thomas
N. E. Greville. In the 1960’s, spurred by advancements in scientific computing, the study was rein-
vigorated by its application to numerical solutions to partial differential equations. [7] provides a
full account of this history and references to the literature. Regarding recent developments, mostly
in the context of one spatial dimension, we encourage the reader to see the articles [6,7,21,22]. Con-
cerning global space-time estimates, [7] establishes Gaussian and sub-Gaussian estimates for the
convolution powers of finitely-supported complex-valued functions on Z whose Fourier trans-
form (characteristic function) satisfies certain hypotheses and the article [6] focuses on Gaussian
estimates and extends results of [7] and [22]. The articles [7] and [21] treat local limit theorems
and sup norm estimates for the convolution powers of complex-valued functions on Z; the latter
provides a complete description of local limit theorems and sup norm estimates for the class of
finitely-supported complex-valued functions on Z, essentially resolving De Forest’s problem. In the
general context of 74, [22] treats local limit theorems, global space-time estimates and sup norm
estimates for the convolution powers of complex-valued functions whose Fourier transform satis-
ties certain assumption discussed below.

In this section, we focus on sup-norm-type estimates for convolution powers of complex-valued
functions on Z¢. Our main result, Theorem 5.1.2, partially extends results of [21] and [22], and
its proof makes use of Theorem 3.1.1 and the Van der Corput lemma. A forthcoming article will
present a theory of local limit theorems for complex-valued functions on Z? satisfying the hy-
potheses of Theorem 5.1.2. The Fourier transform is essential to our analysis and is defined as
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Re (4400 Re(p\1599))

x10°% x107*

S & & N o N &

100 200
0 100

|51590)

Figure 5.1: The real part and modulus of ¢(™ for n = 400 and n = 1500.

follows: Given ¢ € (*(Z?), the Fourier transform of ¢ is the function ¢ : R? — C defined by

P& = p(x)e™*

x€Z4

for ¢ € R As in [22], we shall focus on the subspace S; of IAVAS consisting of those ¢ : 7¢ - C
for which

lee@)ll = > |o70(@)| = D [@) @ @) st a2t < oo

xcZ4 xcZ4

for each multi-index 8 = (B, Bo,...,04) € N¢. Sy is a discrete analogue of the Schwartz class
of functions and contains all finitely supported complex-valued functions on Z%. It is easy to see

that $ € C“(Rd) whenever ¢ € §;. As discussed in [7,21,22,28], the asymptotic behavior of the
iterative convolution powers ¢(™) of ¢ € S, is characterized by the local behavior of ¢ near points
at which ¢ is maximized in absolute value. For simplicity of our analysis, we shall focus on those
¢ € Sq which have been suitably normalized so that sup, |6(¢)] = 1 and, in this case, we define

0(9) = {e e |o(e) =1}
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where T = (—m, w]?. For each &, € Q(¢), consider I'g, : U — C defined by

(€ + &)
T =log | ——=—=>+~
£ (6) g( ) >

for ¢ € U where U C R? is a convex open neighborhood of 0 which is small enough to ensure that
z + log(z), the principal branch of the logarithm, is defined and continuous on {$(§ + &)/ (}5(50) :
¢ € U}. Because ¢ is smooth, I'¢, € C*°(U) and so we can use Taylor’s theorem to approximate
I'¢, near 0. More precisely, we can write

Py (€) = gy - € — 1 (Qey (&) + Qs (€)) — (Reol€) + Ry (9)) 1)

where ag, € R%, Q¢, and Ry, are real-valued polynomials which vanish at 0 and contain no linear
terms, and Q¢, and Ry, are real-valued smooth functions on ¢/ which vanish at 0. The fact that this

expansion contains no real linear part is seen necessary because & is a local maximum for |@|. The
vector ag, € R? is said to be the drift' associated to &. Motivated by Thomée [28], we introduce
the following definition for the “types” of &.

Definition 5.1.1. Let ¢ € Sy with supy ](E(&)] = 1 and, given &, € Q(¢), consider the expansion (5.1)
above.

1. We say that & is of positive homogeneous type for ¢ if R, is positive homogeneous and, there
exists £ € Exp(Rg,) for which Q¢, is homogeneous with respect to E and both Re, and Q¢, are
subhomogeneous with respect to E. In this case, we will write jig, = pg,, .

2. We say that & is of imaginary homogeneous type for n if |Qg,| and Re, are both positive
homogeneous and, there exists E € Exp(|Qg,|) and k > 1 for which R, is homogeneous with
respect to E' [k, @50 is strongly subhomogeneous with respect to E of order 2, and }Nﬁgo is strongly
subhomogeneous with respect to E/k of order 1. In this case, we write jie, = pq |-

In either case, g, is said to be the homogeneous order associated to &.

In Definition 1.3 of [22], a point §; € Q(¢) is said to be of positive homogeneous type for ¢ provided
that the expansion for I'¢, is of the form

Téo (€) = gy - € — Pey(€) — Peo(€) (5.2)

for { € U where P, is a positive homogeneous polynomial in the sense of Example 5 and ]550 (&) =
0(Re,(&)) as & — 0 where R¢, = Re P¢,. To put this into context with our definition above, let’s
write Py, (&) = Re,(§) +1Q¢, (&) and ]550 &) = ﬁ&o &) + 1@50 (€) in which case (5.1) coincides with
(5.2). If &y is of positive homogeneous type for ¢ in the sense of the definition above, it follows that
Py, is a complex-valued polynomial which is homogeneous with respect to E (and so Exp(F%,)
contains £ € End(R?) for which {rf} is contracting) and R, = Re P, is positive definite. In

'In the case that ¢ defines a probability measure and a Z“-valued random vector X has this measure as its distribu-
tion, then a¢, is X’s mean. For a precise statement and details, see Proposition 7.4 of [22].
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view of Remark 1, this is consistent with (and perhaps generalizes) the assumption in which F,
is a positive homogeneous polynomial. Further, the assumption that Q¢, and R, are subhomoge-
neous with respect to E guarantees that P&J (&) = o(Rg,(£)) as & — 0 by virtue of Proposition 2.1.3.
With these two observations, we see that our definition, which is stated in terms of subhomogene-
ity, is consistent with that of [22].

The essential difference between the cases in Definition 5.1.1 concerns the nature of the dominant
(low order) term in the expansion. When &y is of positive homogeneous type for ¢, the domi-
nant term P, contains the real-valued positive definite polynomial R,. In this case, local limit
theorems for ¢(™) (z) contains attractors/approximants of the form

n 1 —nP, —ix-
i (1) = g [, ¢

which can be seen, for example, in Theorem 1.5 of [22]. These are necessarily Schwartz func-
tions and appear as fundamental solutions to the higher-order partial differential equations dis-
cussed in [23]. On the other hand, when ¢j is of imaginary homogeneous type for qg, the dominant
term in the expansion is the purely imaginary polynomial iQ¢,(§) and its existence (without a
real counterpart) profoundly affects the asymptotic behavior of ¢ (z) (e.g., see [21]). In fact,
as will be shown in a forthcoming article, local limit theorems for ¢(™) () will contain approxi-
mants/attractors which are (formally) given by the oscillatory integral

1 . .
n - —inQgy (§)—iz-§
Hngo (2) (27r)d /]Rd € €0 dg§

whose convergence is a delicate matter.

Our theorem will be stated under the assumption that, for ¢ € Sy with sup; 16(¢)] = 1, each
& € Q(¢) is either of positive homogeneous type or of imaginary homogeneous type for ¢. In
both cases, the positive definiteness of R¢, guarantees that each & € €2(¢) is an isolated point of
T?. Consequently, if each & € Q(¢) is of positive homogeneous or imaginary homogeneous type
for 5, the set Q(¢) is finite and we set

te = min
. £€Q(9) ¢

Theorem 5.1.2. Let ¢ € Sy be such that sup |¢| = 1 and suppose that each &, € (@) is of positive
homogeneous or imaginary homogeneous type for ¢. If oy = 0 and pe, < 1 for each &y € Q2(¢) which

is of imaginary homogeneous type for ¢, then, for any compact set K, there is a constant Cx > 0 for

which
Ck

nte

6" (@) <

forallx € Kandn € N;.

This partially extends the analogous one-dimensional results of [21] into the d-dimensional setting.
Specifically, Theorem 3.6 of [21] guarantees that, for each ¢ : Z — C for which sup¢cr [¢(§)| = 1
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and whose support is finite and contains more than one point, there is a constant C' and a positive
integer m for which

‘(b(")(x)’ < CpVm

for all z € Z and n € N,.. Under these hypotheses concerning ¢’s support, it follows from a basic
result of complex analysis that every point & of (¢) is necessarily? of positive homogeneous type
or imaginary homogeneous type for ¢ with pe < 1/2 < 1. In this way, we see that Theorem 5.1.2
partially extends Theorem 3.6 of [21] in the sense that it guarantees a spatially uniform estimate
over compact sets and is stated under the additional hypotheses that the drift is zero for each point
of imaginary homogeneous type for . Though we expect that this is not the final result on the
matter, the more limited scope of Theorem 5.1.2 is not surprising in light of the natural complexity
of R (and Z9).

Concerning the existing theory in Z¢, Theorem 5.1.2 is stated under weaker hypotheses than is
the analogous result in [22]. Specifically, Theorem 1.4 of [22] is stated under the assumption that,
given ¢ € Sy with sup; |6(€)| = 1, every point & € Q(¢) is of positive homogeneous type for ¢
and, in this case, the theorem gives positive constants C' and C’, for which

C'nHe < ‘qﬁ(”) (.%)‘ < Cn™H¢ (5.3)

for all # € Z? and n € N. Though we have not stated it this way, our proof of Theorem 5.1.2 (see
Lemma 5.1.3), guarantees the upper estimate in (5.3) (with K = Z%) in the case that there are no
points & € €(¢) of imaginary homogeneous type for ¢. It is the presence of points & € €(¢)
of imaginary homogeneous type that make the analysis significantly more difficult (even in one
dimension) and lead to the slightly weaker conclusion. It is our belief that a uniform estimate of
the type (5.3) is valid when all points are either of positive homogeneous or imaginary homoge-
neous type for qAS (perhaps still with some restriction on homogeneous order) but a resolution of
such a conjecture will require further analysis and a thorough study of local limits. In Section 5.2,
we give several examples illustrating the conclusion of Theorem 5.1.2, none of which satisfy the
hypotheses of Theorem 1.4 of [22].

Our proof of Theorem 5.1.2 will make use of the Fourier inversion formula

6w) = o [, P e 64
¢

which is valid for all n € N1 and z € RY; here ’]I‘g = T¢ + ¢, C R? is a representation of the
d-dimensional torus chosen so that Q(¢) C Int(']I‘g) ; this can always be arranged, i.e., some &, €
R¢ can be selected, because (¢) is a finite set (see Remark 3 of [22]). As discussed in [22], the
asymptotic behavior of ¢(™ is characterized by the contributions to the above integral produced
by integration over neighborhoods of points §, € Q(¢). Specifically, we shall study integrals of the

form )
[ $ME)e T de (5.5)

2m)? Jo,,
where O, is some (small and to be determined) neighborhood of £, € §2(¢). When & is of pos-
itive homogeneous type for ¢, such integrals are very well behaved (the integrand is dominated

2This is Proposition 2.2 of [21]. It is easy to see that the assertion fails when d > 1.
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uniformly by e "f%()/2, a member of the Schwartz class). When & is of imaginary homogeneous
type, such integrals are oscillatory in nature and therefore much more difficult to handle. Our
tirst lemma below handles the “easy” case in which & is of positive homogeneous type for ngb
This lemma appears, essentially, as Lemma 4.3 of [22]. For illustrative purposes, we have decided
to present a distinct proof here which makes use of the polar coordinate integration formula in
Theorem 3.1.1.

Lemma 5.1.3. Let §y € (o) be of positive homogeneous type for ¢ with homogeneous order g, .
Then, there exists an open neighborhood O¢, C Int(’]I‘f;) of &o, which can be taken as small as desired,
and a constant C' = C¢, for which

L Gree e

SC n P
2m)? Jo,, “

foralln € N; and x € R4

Proof. For simplicity, we write R = R, R = Eﬁo and p = pg,. Given that & is of positive
homogeneous type for ¢, there is an open neighborhood ¢/ of 0 for which

316+ &0)] = [Blen)eTo®| = e (FO+FE)

for ¢ € U. Using the fact that R(¢) = o(R()) as € — 0 in view of Proposition 2.1.3, we can further
restrict I/ so that

66 +&)| < 7RO

for all ¢ € U. Take E € Exp(R) and let o be the surface measure on S = {n € R? : R(n) = 1}
guaranteed by Theorem 3.1.1. We fix an open neighborhood O, of {; which is as small as desired
and has the property that

O =0 —& CU.

With this, we observe that

F(€)eE de = /O P (€ + &o)eEE) g (5.6)

O¢,

and therefore

1 n (e p—iaE 1 on —iz-(¢+£0)
gt Jo, TOTCd| < g L]+ ae df
1 —nR(E)/2
< oy ] ¢
< L / o~ (/DR g

—

271') Rd

for all # € R? and n € N,. By virtue of Theorem 3.1.1, we have

o0 "
/ e~ (/DRE) ge _ // (/D= g o) :/ 2T (1) or(dn) = 2T (1) o p(S)n "
R sJo s

nkt
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where I' denotes the Gamma function. Consequently,

1 ~ .
—— [ M(&)eT ™ dg
3

< —H
2 Jo, =n

forall x € R and n € N where C' = 2¢T'(u)or(S)/(27)% O

We shall now focus on the case in which &y € Q(¢) is of imaginary homogeneous type for . As
discussed above, (5.5) is oscillatory in nature; this is due to the fact that the “principal” behavior of
T¢, (&), for small &, is characterized by the purely imaginary polynomial iQ)¢,. Our main estimate
is presented in Lemma 5.1.6 and its proof makes use of (3.1) and a version of the Van der Corput
lemma stated as Lemma 4.1.6.

Before estimating (5.5) in the case that &, is of imaginary homogeneous type using the result of
Lemma 4.1.6, we first treat two preliminary lemmas. The first lemma (Lemma 5.1.4) deals with
the first and second derivative of the phase function that will appear in Eq. (5.5) following the use
of the polar-coordinate integration formula. The second lemma (Lemma 5.1.5) deals with the L'
and L* norm of the amplitude function.

Lemma 5.1.4. Let Q : R? — R be a continuous function for which |Q| is positive homogeneous with
1= g < 1. Given a compact subset S of R for which 0 ¢ S, set

p= %relg [Q(n)|/3 > 0.

For an open neighborhood O of 0 in R, suppose that Q : O — R is a twice continuously differentiable
function which is strongly subhomogeneous with respect to E of order 2, set F' = E /i, and define

Fana(®) = —nQ6Fn) —nQ6Fn) — = -6y
—nf1Q(n) — nQ0 ) — x - 07y

forn e Ny, neS, xeRYand 0 > 0 sufficiently small so that 0¥'n € O. Then, given any compact set
K, there is a 6 > 0 for which 83 fy, z.,(0) # 0 and

100 e (0)] > gnu

foralln e Ny, ne S, xe K,and 0 > 0 for whichn™" < § < 6.

Proof. Let E and S be as in the statement of the lemma and write f = f,,,. Because 0% is
contracting, let 6; > 0 be such that

o 6FFy| <2 and |o-0F(F—I)Fa|<? <1 - 1) (5.7)
n n\n

forall0 < 6 < 6}, z € K and n € S. By virtue of Proposition 2.1.4, there exists d, > 0 such that

‘eaeé(e%)] < gel/ﬂ and ‘920362(9%)\ < 5 <; - 1> gL/n (5.8)
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forall0 < 6 < 65 and n € S. Set 6 = min{dy,d2}. By virtue (5.7) and (5.8), we have

P31(0)] = 0%[ndf (64Q0n) + QO™ ) + 05 (- 07)|
= 2 (L 1) 0 a0 ¢ 07 )
z % (; - 1) 0'/#1Q(n)| — n)@zagé(e%)‘ — |- 0F (F — ) Fy|

> 3,07%(11>01/“pn<11>01/#p(11>
o\ p B\ p po\ p
p(L_ p _
’ (u 1) <2n0 1)
forallne Ny, ne S,z € Kand 0 < 0 < §*. Given that § — o1/1 is increasing, it follows that

0202£(0)| > g (; _ 1> (2n6'/" — 1) > 5 <; - 1) (2n(n-M)n — 1) = g (; - 1) >0

and, in particular, 83]‘(9) #0foralln e Ny, npe S,z € Kand 6 > 0 for whichn™* < 6 < §*. By
another appeal to (5.7) and (5.8), we find

09 f(0)] = ‘nae (91/“Q(77) + @(QFU)) + 09 (z - HFU)‘

%91/#—%2(77) +ndpQ(0Fn) + 07 (x - 67 Fny) ‘

v

3 ~
> %el/ﬂ—l = n074{00,Q(07 )| ~ 07| - 67 F)|
> 3";”91/#—1 _Pgr/u-1 _ Pyt
o o u
P 1/p—1 -1
> _
> 7 <2n9 9 )

foralln € Ny, n € S,z € Kand 0 < # < 6*. Given our supposition that p < 1, § —
(2ng/#=1 — 9~1) is increasing for 6 > 0 and therefore

P 1/p—=1 _ g—1 P —u\1/p=1 _ (p=y=1) = P op
]89]”(9)\2”(2716 9 )ZM(Zn(n ) (nH) ) "

forall foralln e Ny, ne S,z € K and 0 > 0 for which n™* < 6 < §#, as we asserted. O

Lemma 5.1.5. Let R be a positive homogeneous function with G € Exp(R), R : © — R be once con-
tinuously differentiable on a neighborhood O of 0 which has R(0) = 0 and is strongly subhomogeneous
with respect to G of order 1, and let k and p be positive real numbers. Set F' = (k/u)G and, for each
neS={n:R(n)=1}andn € N, set

gun(0) = e (RPN +R(O7))

for 6 > 0 which is sufficiently small so that 6¥'n € O. Then, for each 8 > 1, there is § > 0 for which

gnnllLooqer 00 < 1
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and
”a9gn,77||L1[91,92] <p

uniformly forn € S,n € Nand 0 < 0; < 6y < oM.

Proof. By virtue of the strong subhomogeneity of R, Proposition 2.1.2, and the fact that 7€ is a
contracting group, we may choose J > 0 for which

RO +R(r%n) =r+ R(%) > (1 —e)r >0 (5.9)
and
8, <R(an) + é(r%))‘ <1+e (5.10)
forall 0 < r < 6% and n € S where
€= g;i € (0,1).

In view of (5.9), forany 0 < 0; < 6, < 6#,n€ Sandn € Ny,

gn,n('r“/k)) < sup efnr(lfe) -1

||9n,n”L°°[é)1,€2]§ sup |gn,n(9)’: sup
0<O<5H 0<r<ék

0<r<ék

where we have used the fact that (r#/*)" = r#/kF = 3G for r > 0. By virtue of (5.9) and (5.10),
we find that

100 9n.nll L1161 62] |00 gn.n(0)| dO

gnn r“/k )’dr

I
/k/
[l
i

n
— —7’l (T’ 77)+R(T 77 ) ‘ d,r.
k/p
k/u _
- y R(r%n) + R(r ,7)) H —nR(rn)+R(rn)| g,
n
k/u
< / n(1+ e)e 1= gr
ef/#
1 o
te / e "dr=p
1-— € Jo
foralln € Ny, n € Sand 0 < 67 < 0y < 0#, as desired. O

Lemma 5.1.6. Suppose that & is of imaginary homogeneous type for ¢ with associated drift o, and
homogeneous order pg,. If oy = 0 and pg, < 1, then, for each compact set K, there is an open
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neighborhood O, C Int(’]l‘i) of &o, which can be taken as small as desired, and a constant Cy, for
which

1 n —ix-
g | ¢M(€eT T dg

SC n_'u‘f()
@m)? Jo,, “

forallx € Kandn € N,.

Proof. For simplicity of notation, we will write Q = Q¢,, Q= @50, R = Ry, R= E&o and ;o = pig,.
We fix a compact set K C R? and let E and k as given in Definition 5.1.1. In studying the proof of
Lemma 5.1.3 and (5.6), in particular, it is evident that we may assume &, = 0 and 5(0) = 1 without
loss of generality. Given that G := E/k € Exp(R), set

F = (k/un)G = E/p.

Using the positive homogeneous structure of R, let o be the measure on S = {n € R : R(n) = 1}
as guaranteed by Theorem 3.1.1. By setting

= inf 3
p = It |Q)I/3,
an appeal to Lemma 5.1.4 guarantees a ; > 0 for which

|aefn,n,x<e>\z§n“ and 03 fuya(6) £0 (5.11)

foralln €e Ny, n € S,z € K and § > 0 for which n™# < § < §{. An appeal to Lemma 5.1.5
guarantees d» > 0 for which

lgn.nllLo<(or,6) + 100GnnllLrie; 00 < 3 (5.12)

foralln € Ny, p € Sand 0 < 61 < 6y < 85, Weset O = {n € R? : R(n) < 6*)} where
0 < 0 < min{dy, 2} is as small as desired; this is necessarily an open neighborhood of 0. We have

5k
[aroceas = [ [ aame e i drog(n)
@ S J0o

k[ [ 2-0F

_ / 5" (07 m)e 0" 4 o (dn)
HJsJo
k

= — | Ins (n) or(dn)
HJs

where we have made the change of variables § = /¥ and set
L ,
Lua(n) = | "6 n)e """ dp.

0
Foreachn € N, n € S,and = € R?, we have

SH n—H
La()] < qﬁ”(an)elw'@F"dg’*/o 5 (67| do
n—H
o+ ~ -
< / o=i(nQ(6Fn)+nQ (67 n)-+2-07n) ,—n(R(67n)+ (67 n)) de‘ i
n—H

o
/ eif"’”’z(a)gnm(ﬁ) d@‘ +n k.

—p
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In view of (5.11) and (5.12), an appeal to Lemma 4.1.6 guarantees that, for any n € N, n € S and
e K,

Hgn,ﬂ||L°° [n—u’gu] + ||899n,77 |L1[n*H,6H]
inf, —ucg<so |00 fr,2,n(0)]
3 12
=""n

IN

oH
/ eifnna®@g. (9) de‘ 4
n—H

AN
W

and so 12 b
L ()] < (“) o h < (“ i 1> -
p P

Thus, foralln € Ny and z € K,

1 ~ _
‘(27r)d/o¢n(£)e—lfa?d£’

(23@012' [ 1aet) aR<dn>\

1 k
< — = I, .
< Cn™#
where Lk /1
I
= — | —+1 .
¢ (27r)du< P )UR(S)

O

Proof of Theorem 5.1.2. Let K C R? be a compact set. As we discussed in the paragraph preceding
the theorem, the set 2(¢) is finite and so we may write

Q(¢) = {517627 s a£N7£N+17£N+27 s 7£M}

where our labeling assumes that the points 1, s, . .., £ are of imaginary homogeneous type for
¢ and the points En41,ENn+2, - - ., Ear are of positive homogeneous type for ¢. In view of the theo-
rem’s hypotheses, for each j = 1,2, ..., N, the point ¢;, which is of imaginary homogeneous type

for q/b\, has drift a¢; = 0 and homogeneous order p; := pe; < 1. Thus, foreach j = 1,2,..., N, an

appeal to Lemma 5.1.6 guarantees an open neighborhood O; = O, C Int(']I‘g) of {; and a constant
Cj = Cg, for which

< CjnHi (5.13)

1 N .
G, P

forallm € Ny andz € K. Foreach j = N + 1, N +2,... M, an appeal to Lemma 5.1.3 guarantees
an open neighborhood O; = O, C Int(Tg) of §; and a constant C; = C¢, for which

1 ~ ,
— "(€e T dg| < O 5.14
oyt [, P e < o (514
J
forall n € N, and z € R? where p; := pe; is the homogeneous order associated to §;. As
guaranteed by the lemmas, let us take this collection of open sets O1,0s,...,0n C Tg to be

mutually disjoint and define

G =T\ (60) (5.15)
=T¢ Iy .
j=1
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Given that G is a closed set which contains no elements of 2(¢),

s 1= sup qg({’)‘ < 1.
£eg

By virtue of (5.4), (5.13), (5.14), and the disjointness of the collection Oy, Oy, ..., Oy, we have

{Z e /oj Qe df] + ot 0O e

Jj=1

1 N
G |, P

Cin ™1 +s" (5.16)

6 (@) =

M=

1 n —x-€
+‘(2W)d /g 3 (€)e ds‘

j=1

M=

1

.
I

foralln € Ny and « € K. Upon noting that py = min{p1, p2, ..., par }, we have
n~H = O(n ")

asn — oo foreach j = 1,2,... M. Also, because s < 1, s" = o(n""¢) as n — oco. With these two
observations, the theorem follows immediately from (5.16). O

5.2 Examples

In this section, we give a number of examples illustrating the results of Theorem 5.1.2, all of which
are beyond the scope of validity of the results of [22]. First, we treat a useful proposition which
gives sufficient conditions for a point £, € Q(¢) to be of positive homogeneous or imaginary
homogeneous type for ¢ in terms of the Taylor expansion for .

Proposition 5.2.1. Let ¢ € S; with sup, (&) = 1 and let & € Qo). Suppose that there exists
m € N4 and some k > 1 such that the Taylor expansion of ¢, : U — C centered at 0 is a series of the
form

Ie,(§) = iaso‘fi( > A6§ﬁ> > Bgef

|B:2m|>1 |8:2m|>k

= i%o'fi( Z Aptf + Z Aﬁfﬁ)( Z Bsé’ + Z Bﬁfﬁ>
\ |

B:2m|=1 [8:2m|>1 B:2m|=k |B:2m|>k

= g, €~ (Qe(©) + Qe () — (Bea(©) + e (9)) (5.17)

where ag, € RY; Qg, and Ry, are real-valued polynomials for which R, is positive definite; and @50,
and Ry, are real multivariate power series which are absolutely and uniformly convergent on U. If
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k =1, then & is of positive homogeneous type for o, If k > 1and |Qg,| is positive definite, then & is
of imaginary homogeneous type for ¢. In either case, & has drift ae, and homogeneous order

L
=11:2m| = —.
J=1

Before proving the proposition, we shall first take care of the following useful lemma.

Lemma 5.2.2. Given an open neighborhood U of 0 in RY, suppose that Q : U — C is real-analytic on
U with absolutely and uniformly convergent series expansion

Q)= > A’

|B:n|>1

for some n € N%. Consider E € End(R?) with standard representation diag(1/n1,1/na,...,1/nq).
Then, for each k € N, Q is strongly subhomogeneous with respect to E of order k.

Proof. It suffices to show that, for each, j € N, ¢ > 0 and compact set K C RY thereisa d > 0 for

which o
HAQ(r )| < er

forall0 < r < § and n € K. To this end, we fix j, ¢, and K as above and write Q = Q1 + 2 where

Q)= > A and Q)= D A’

1+p<|B:n|<25+2 |B:n|>25+2

where p := min{|8 : n|: Ag # 0} —1 > 0. Foreach ¢ > 1 and [ € N, define

Pg,1) =qlg—1)(g—2)--- (¢ — (I = 1)).
In this notation, we observe that

37" = o] (r1"Ie) = P8 : m], jyrimg?
for ¢ € R%, r > 0and 8 € N% Because () is a polynomial and K is compact, we have
M := sup Z ‘AﬁP(W : n|,j)776‘ < 00.

1K\ 14 p<|Biml <2542

Given that @ is absolutely and uniformly convergent on U/, let O C O C U Dbe an open neighbor-

hood of 0 for which
My = sup ( Z Aﬁgﬁ‘) < 0.

€0 \ |5:n|>2j+2
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We now specify 4. First, given that {r”} and {r®/4} are contracting and the set K is compact, we
may find a 0 < 6; < 1 for which rFnand rE/477 belong to O whenever 0 < r < §; and n € K. Also,
there exists d2 > 0 for which

P(g,5)r* <1 (5.18)

forall ¢ > jand 0 < r < &y; it is sufficient to take §y = e~%. Finally, given that p > 0, let 63 > 0 be
such that
Mir? + Mor < €

forall 0 < r < d3. Set 6 = min{d1, d2, 03} and observe that for all € K and 0 < r < §, we have

o] = ¢ Y A0 (P
1+p<|Bn|<2j+2

S DR VP (ERR N e el
1+p<|8:n|<25+2

S D DIV P (R U
1+p<|B:n|<2j+2
< rMyr’.

IN

By virtue of (5.18), for each ¢ = |3 : n| > 2j + 2, we have

o (4sr"m)?)| = 145IIP(8 <l )= ||
= PRI 4| P(18 <, | |

< sty

forall0 <r < é <édyand n € K. It follows that

Qa0 )| = | > ol (AsPn)?)
|B:n|>25+2

> |o (4sen)),
|8:n|>2j+2
< 3 ety
|3:n|>2542
< rMs

IN

forall0 < r < § and 5 € K. Therefore, for each 0 < r < § and n € K, we have

[ 82Q1(r"n)| + |77 0] Qa(r"n)|
rrP My + I M,
r(Myr? + Mar)

Te.

|7 91Q(r"n)]

VAN VAN VAN VAN
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Proof of Proposition 5.2.1. It is easy to see that &/ € Exp(Q¢,) N Exp(|Q¢,|) and E/k € Exp(Rg,) for
E € End(R?) with standard matrix representation

diag((?ml)_l, (2m2)_1, ey (de)_l).

If k =1, Re, is positive homogeneous with E € Exp(Rg,) N Exp(Q¢,). By virtue of the preceding
lemma (with n = 2m), Q¢, and R, are strongly subhomogeneous with respect to £ of order 1 and
s0, in view of Proposition 2.1.2, both are subhomogeneous with respect to E. In this case, we may
conclude that & is of positive homogeneous type for ¢ with drift o, and homogeneous order
S|
pey =tr £ =|1:2m| = A %

j=1
If k > 1, our supposition guarantees that |Q¢,| is positive homogeneous with respect to £ and Ry,
is positive homogeneous with respect to E/k. By virtue of the preceding lemma, Qy, is strongly
subhomogeneous with respect to £ of order 2 and Ry, is strongly subhomogeneous with respect

to E/k of order 1. Consequently, £ is of imaginary homogeneous type for (;AS with drift ag, and
homogeneous order p¢, = tr E as in the previous case. O

Example 8. Consider the function ¢ : Z? — C defined by

372 -96¢ (x,y)=(0,0)
56 +32i  (z,y) = (£1,0) or (0, £1)
1 —28 —8i (z,y) = (£2,0) or (0,£2)
o9 = 5137 g (z,y) = (£3,0) or (0,£3)
-1 (x,y) = (£4,0) or (0, +4)
0 otherwise.

It is easily verified that sup, |$\ = 1 and Q(¢) = {&} where §, = (0,0). Since ¢ is finitely sup-
ported, Ty = I'¢, is C? analytic on its domain and so its Taylor series converges absolutely and
uniformly on an open neighborhood ¢/ C R? of 0. By a straightforward computation, we find

¢t ,
FO(&) = - <64+64>’L Z Aﬁfﬂ
|8:(4,4)|>2
1578 74¢t 15¢8 5
- <8192 T 4096 8192> - ). B

B:(4,4)|>6

- (086 - (R + 76

where

1578 7'4C4 15C8
- Bgt? = -
Ry (§) > , 98 = 8192~ 1096 T 8192°
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6, /6 8 4 8 4,8 | 84
- Z Ag{ﬁz—T +¢ 4T +C+7(7'C + 75¢*%)

Qo(€) = 384 5120 262144 o
1:(4,4)>3/2
and
4 -6 64 6 ~6 4 8 8 4
N +70¢h ¢ (G T
_ Bef = ¢ - -
Ro(€) > 8¢ 24576 147456 327680 ’
1:(4,4)>5/2

for £ = (1,() € U. Observe that this expansion is of the form (5.17) with ap = (0,0), m = (2,2),
and k£ = 2. It is readily verified that |Qo| = Qo and Ry are positive definite and, by virtue of
Proposition 5.2.1, we conclude that {, = 0 is of imaginary homogeneous type for ¢ with drift
o = 0 and homogeneous order

e = o =[1:2m| =~ +

|
| =
\]

By an appeal to Theorem 5.1.2 we obtain, to each compact set K C R?, a positive constant C for
which
C

. C
6™y < =5 (5.19)

for all n € N and (z,y) € K. To illustrate this result, we consider the compact set K =
[~700,700] x [~700,700] and define f(n) = f4x(n) = max( ) cx [¢"(x,y)|. Figure 5.2 illus-
trates this result by capturing the decay of f(n) = fs x(n) = maxq ek ‘gzﬁ(") (z,y)| relative to
that of n~#¢. Also, Figure 5.3 illustrates the graph of Re ¢(™ (z,v) for (x,y) € K and n = 200 and
n = 1000.

—e—log, f(n) || 09t —o—f(n) |
112

—_— 12
0.8~ n i

ol

0.6

—Iogz(n

05

0.4 r

03[

0.2

0.1

. ‘ ‘ ‘ ‘ ‘ ‘ . ‘
0 2 4 6 8 10 12 14 0 100 200 300 400 500 600 700 800
log,,(n) n

(a) log, f(n) and log, n~'/2 versus log, n (b) f(n) and n='/2 versus n

Figure 5.2: Behavior of f(n) = fy x(n) = max, y)ex ‘qﬁ(”) (z,9)|
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Re(420) Re(4!1000))

0.04 0.015

0.03 0.01

0.02
0.005
0.01
0

-0.01 -0.005
-0.02 -0.01
50 100
50 50 100
0 0 a0
0 0
=50 50
Y -50  -50 X Y -100  -100 X
(a) n = 100. (b) n = 1000.

Figure 5.3: Re ¢(™ (z,y) for n = 200 and 1000

Example 9. Consider the function ¢ : Z? — C defined by

(602 —112i  (z,y) = (0,0)
56 +32i  (x,y) = (0,%1) or (—1,0)
72432 (2,y) = (1,0)
28 —8&  (z,y) = (0,£2)
1 —16 (z,y) = (£2,0)
9@ Y) = 763 X 56 (z,y) = (0,+3)
-1 (2, ) = (0,%4)
4 (z,y) = (-1,£1)
4 (2,y) = (1, £1)
\0 otherwise.

As with the preceding examples, it is easy to see that sup, |$(£)| =1,9Q(¢) = {&} = {(0,0)} and
Iy = T'¢, has the absolutely and uniformly convergent Taylor expansion

To(€) = —i (Qu(&) + Qo(©)) — (Ro(€) + Ro(©))

where P ) .
_ I S
Qo(9) N 2% A= 50 6 e

4 3€2 7_2c4 T€6 23€8

= 5_
Ro(€) W% 2355 1152 2304 2048 ' 9216 @ 18432’

4 32 3 4
. P s
Qo(€) > A=t et e ezt
15:2,0]>3/2
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and
3.4 404 444
~ _ B _ _ T C T C T C
Ro(€) > B¢ =t e T sam T
18:(2:4)]25/2

for ¢ = (1,¢{) € U where U C R? is a neighborhood of 0. In this case, the above expansion is
of the form (5.17) with oy = (0,0), m = (1,2) and k£ = 2. Here, as with the previous examples,
it is readily verified that |Qo| = Qo and Ry are positive definite and so an appeal to Proposition
5.2.1 guarantees that & = (0, 0) is of imaginary homogeneous type for ¢ with drift ag = (0,0) and
homogeneous order

+

3
-

DO |
e

o = o = 1+ 2m| =

By an appeal to Theorem 5.1.2, we obtain, to each compact set K, a positive constant C' for which

n C
’¢( )(:U,y)‘ < TS = REYZ) (5.20)

for all n € Nand (z,y) € K. Figure 5.4 illustrates this result by capturing the decay of f(n) =
fox(n) = maxg e ‘qb(”) (x,y)‘ where K = [-300,300] x [—300, 300] relative to that of n™#¢.
Also, Figure 5.5 illustrates the graph of Re ¢ (z, y) for (z,y) € K and n = 300 and n = 600.

ot —e—log, f(n) | osd] —e—f(n)
3/4) 07 —2n 34|

e |092(2n

0.6

0.5

0.4 |

0.3

02\

011 §

12 ‘ : : : ‘ ‘ 0
0 2 4 6 8 10 12 14
log,,(n) n
(a) log, f(n) and log, 2n~3/* versus log, n. (b) f(n) and 2n=3/* versus n

Figure 5.4: Behavior of f(n) = fy x(n) = max yex ]qﬁ(”) (z,9)|.

AN

Example 10. This example illustrates a complex-valued function ¢ on Z? whose Fourier transform
is maximized in absolute value at two distinct points in T?, one of which is a point of imaginary
homogeneous type for ¢ with homogeneous order 2/3 and the other is a point of positive homo-
geneous type ¢ of homogeneous order 1. We define ¢ : Z2 — Cby ¢ = 27 7¢ — 27 1hy + 27215
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Re(¢30) Re(¢(%)

0.02 0.015

0.015 0.01

0.01
0.005

0.005

-0.005 -0.005

-0.01
50

-0.01

50
50
0
0

Y -50  -50 X Y -50  -50 X

(a) n = 300. (b) n = 600.

Figure 5.5: Re ¢(™ for n = 300 and n = 600

where
(682 (z,y) = (0,0)
152 (z,y) = (£2,0)
—28 5 = :|:470
154+ 150 (2,y) = (£1,0) 8 Ei z; = E:I:G oi
16 + 16 — (0,41 ’ ’
or(oiy) + 161 (2,y) _( ,£1) 7 bo(z,y) =14 —1  (a,y) = (£8,0)
1+1i  (x,y) = (£3,0) 60 (z,y) = (0,+2)
0 otherwise —24  (z,y) = (0, £4)
L0 otherwise
and
1387004  (x,y) = (0,0)
—106722 (z,y) = (£2,0)
3960 (z,y) = (+4,0)
) -1045  (2,y) = (£6,0)
P3(@,y) = 138 (z,y) = (£8,0)
-9 (z,y) = (£10,0)
—131072  (x,y) = (0,+2)
0 otherwise

for (z,y) € Z*. Though this example is slightly more complicated than the previous ones consid-

ered, it is straightforward to verify that sup, |q/\5 (¢€)| = 1 and, in this case, the supremum is attained
at two points in T?. Specifically, Q(¢) = {£1,&} where & = (0,0) and & = (m, 7). For &, 'y = I'¢,
has an absolutely and uniformly convergent Taylor series of the form

ri€) = —i (Qu€) ~ Qu(©) - (Ru(©) + Fu(©)
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for ¢ = (1,¢) € Uy where Uy C R? is an open neighborhood of (0,0) and

2
aO= Y ae=T %
18:(6,2)|=1

1172 76¢2 3¢
Ry (£) = Byeh = - bl
1(€) > B 39768 1024 | 128

. 657’8 <4 7_6(4
_ B_ _ _ S .
@1(8) > As 512 06 8102

|8:(6,2)|>4/3
and 8 ~2 6 4
— 6573¢2  16¢
1(8) > 5e 1006 12288 T
18:(6,2)|>7/3

for & = (1,¢) € U. It is straightforward to verify that Q; = |Q1]| and R; are positive definite

and so Proposition 5.2.1 guarantees that {; = (0, 0) is of imaginary homogeneous type for ¢ with
m; = (3,1), ky = 2, drift ¢, = (0,0) and homogeneous order

1 200 1,12
=[1:2my| ==+ - =—.
& H=6"273

For & = (m,m), 'y = I'¢, has an absolutely and uniformly convergent Taylor series of the form

Dy(€) = =i (Q2(6) + Q2(9)) — (Ra(6) + Fals))

for ¢ = (7,() € Uy where Uy C R? is an open neighborhood of (0,0) and

Q)= D Aﬂfﬁ—(+f>

18:2,2)|=1

2 2

_ g_ T 3¢

Ry(§) = > Bet’ =g+

1B:(2,2)|=1

__ 9,7_2€2 <4
_ ﬁ_i_ > 4.
Q6= >, Agt o Twt

|B:(2,2)|>2

and 4 3.2/2 304
R;(g): Z Bﬂgﬁz_L_l—ic-k---,
16:(2,2)[>2
for & = (7,() € Us. Thus, the expansion is of the form (5.17) with my = (1,1) and k2 = 1. Since Ry
is clearly positive definite, Proposition 5.2.1 guarantees that {&; = (7, 7) is of positive homogeneous
type for ¢ with drift ag, = (0,0) and homogeneous order

1 1
Upon noting that p, = min{yue,,pe,} = 2/3, an appeal to Theorem 5.1.2 guarantees, to each

compact set K, a constant C for which

)¢(")(I7y)‘ <& _C (5.21)

nté n2/3
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for all n € Nand (z,y) € K. Figure 5.6 illustrates this result by capturing the decay of f(n) =
fox(n) = maxg ek |¢>(”)(x,y)‘ where K = [-500,500] x [—500,500] relative to that of n™H¢.
Also, Figure 5.7 illustrates the graph of Re ¢(™ (z, y) for (z,y) € K and n = 200 and n = 700.

(a) log, f(n) and log, n
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-0.015
100

—— Iog2 f(n)

—Iogz(n

-2/3
)

log,(n)

~2/3 versus logy n
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0.7

0.6
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0.3 1]

—o—f(n) ||
—_— 2
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n

(b) f(n) and n~%/3 versus n

Figure 5.6: Behavior of f(n) = fy x(n) = max, ek |¢(") (m,y)‘

Re(¢(200))

(a) n = 200.

Re(¢(700))

(b) n = 700.

Figure 5.7: Re ¢(™ for n = 200 and n = 700.
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Appendix

6.1 Continuous one-parameter subgroups of G1(R?)

Proposition 6.1.1 (See Section 8 of [22]). Let E,G € End(R%) and A € GI(RY). Also, let E* denote the
adjoint of E. Then, for all t, s > 0, the following statements hold:

o1F =1 o tF" = (tF)” o (tE) 1 =¢=F
o AtEP AT = (ABAT edet (tF) =t"F o (st)F = sPtF

¢ If EG = GE, then tF1¢ = t#+C

Definition 6.1.2. A continuous one-parameter group T, = t¥ is said to be contracting if

lim ||T;|| = 0.
lim |74 = 0
Proposition 6.1.3. Let {T}} be a continuous one-parameter group. Then {T}} is contracting if and only if

lim |Tix| =0 (6.1)
t—0

forall z € RY,

Proof. 1t is clear that (6.1) is a necessary condition for {7};} to be contracting. We must therefore
prove (6.1) also sufficient. To this end, we assume that the continuous one-parameter group {7;}
satisfies (6.1). By virtue of the continuity of {7};} and (6.1), we have

sup |Tiz| < oo
0<t<1

for each x € R%. From the Banach-Steinhaus theorem, it follows that ||T;|| < C forall 0 < ¢ < 1.
Now, suppose that {T}} is not contracting. In this case, one can find a sequence {7,} C S and a
sequence t, — 0 for which lim inf,, |T},7,| > 0. But because the unit sphere is compact, {7, } has a
convergent subsequence 7,, — 1, with || = 1. Observe that, for all n,

T3, (0 — )| < Cln — 0l

and so it follows that
lim |73, 7= lim |13, 1] >0,
k—o00 k k—o0 k

a contradiction. ]
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Lemma 6.1.4. Let {T;} C Gly(R) be a continuous one-parameter group and let £ € End(RY) be its
generator, i.e., Ty = tE forall t > 0. If {Ti} is contracting, then E € GI(R?) and there is a positive
constant C' for which

1T < € + ¢

forallt > 0.

Proof. If for some non-zero vector 7, En = 0, then t“n = n for all t > 0 and this would contradict
our assumption that {7;} is contracting. Hence F € GI1(R?) and, in particular, ||E|| > 0. From
the representation 7; = tE it follows immediately that || 73| < tIEl for all t > 1 and so it remains

to estimate ||73|| for t < 1. Given that {T;} is continuous and contracting, the map ¢ — ||T3|| is
continuous and approaches 0 as ¢ — 0 and so it is necessarily bounded for 0 < ¢ < 1. O

Lemma 6.1.5. Let E € Gly(R) be diagonalizable with strictly positive spectrum. Then {t¥} is a continu-
ous one-parameter contracting group. Moreover, there is a positive constant C such that

[£7] < O

forallt > 1and
¢ < Ot
forall 0 <t < 1, where \,,, = max(Spec(E)) and \,;, = min(Spec(E)).
Proof. Let A € Gly(R)besuchthat A7'EA = D = diag(\1, A2, . . ., Ag) where necessarily Spec(E) =

Spec(D) = {A1, A2, ..., A} C (0,00). It follows from the spectral mapping theorem that Spec(t”) =
{tM,t*2 . t*} for all t > 0 and moreover, because t” is symmetric,

tAmax  f ¢ > 1
[tP]] = max({t*,t*2,. .., t*}) = { B

thmin i ¢ < 1.
We have R
1621 = 1422 A=) < AN IAZ ] < 1) = x {;:: )
fort > 0 where C = ||A||||A~!||; in particular, {t¥} is contracting because A, > 0. O

Proposition 6.1.6. Let {T}};~0 C GI(RY) be a continuous one-parameter contracting group. Then, for all
non-zero x € R4,

lim|Tiz| =0 and  lim |Tiz| = co.

t—0 t—oo

Proof. The validity of the first limit is clear. Upon noting that [z| = [T}, Tyz| < ||T} ||| Tiz| for all
t > 0, the second limit follows at once. O

Proposition 6.1.7. Let {T;};~0 C GI(R?) be a continuous one-parameter contracting group. There holds
the following:

(a) For each non-zero x € RY, there exists t > 0 and n € S for which Tyn = . Equivalently,

R\ {0} = {T3n : t > 0and n € S}.

(b) For each sequence {x,,} C R4\ {0} such that lim,, |x,| = oo, x,, = T}, n for each n, where {n,} C S
and t,, — 00 4s n — oo.
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(c) For each sequence {x,} C R4\ {0} such that lim,, |z,,| = 0, x,, = Ty, n, for each n, where {n,} C S
and t, — 0asn — oo.

Proof. In view of Proposition 6.1.6, the assertion (a) is a straightforward application of the inter-
mediate value theorem to |T} ;(z)|. For (b), suppose that {z,} C R? is such that |z,| — oo as
n — oo. In view of (a), take {n,} C S and {¢,,} C (0, 00) for which z,, = T}, n, for each n. In view
of Lemma 6.1.4,

00 = limninf |z, | < limninf (C+ tﬁ/[) || < C + limninf tM

where C, M > 0 and therefore ¢,, — oo. If instead lim,, z,, = 0,

T x
oo = lim iz} = lim w <limsup [T} /4, || < limsup(C + (1/tn)™)
n—00 |xn| n—00 ’mn| n n n
from which we see that t,, — 0, thus proving (c). O

Proposition 6.1.8. Let {1} be a continuous contracting one-parameter group. Then for any open neigh-
borhood O C R of the origin and any compact set K C R, K C T,(O) for sufficiently large t.

Proof. Assume, to reach a contradiction, that there are sequences {z,,} C K and ¢,, — oo for which
zn ¢ T3, (O) for all n. Because K is compact, {z,} has a subsequential limit and so by relabeling,
let us take sequences {(;} C K and {r;} C (0,00) for which {; — ¢, ry — oo and (;, ¢ T, (O) for
all k. Setting s, = 1/r;, and using the fact that {7}} is a one-parameter group, we have T}, (;, ¢ O
for all £ and so liminfy, |7, (x| > 0, where s;, — 0. This is however impossible because {7}} is
contracting and so

. o B . e B _
Jim T, G| _klggolTsk(Ck C)|+klggo T, ¢| < Cklggo\é“k ¢(|+0=0

in view of Lemma 6.1.4. O
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