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1 Introduction

We have known for a long time that there is no integer solution to the equa-
tion 22 + 2y? = 0, but what about a near miss instead? Is there any integer
solution to 2% — 2y?> = £1?7 This problem was first considered by the an-
cient Greeks 2000 years ago, and was completely solved by mathematicians
in India around 1000 years ago. There are indeed many solutions. From
a modern point of view, it is almost irresistible to rewrite this equation as
(z +yv2)(z —yv/2) = £1. Then this becomes a question about some gener-
alized integers in Z[v/2]. We can expand our notion of the rationals and the
integers, and study the arithmetic in domains analogous to Z[v/2].



The motivation behind this paper lies in understanding the meaning of
integrality in general number fields. We want to look at generalizations of
the rationals in the form of algebraic number fields. To talk about those, we
first need to talk about domains, with Q as one of the most simple examples
of an integral domain. Let R be an integral domain. We have the following
relationship between some different types of domains:

R is a field
— R is an Euclidean domain
—> R is a principal ideal domain

—> R is a unique factorization domain

I spent most of my time learning algebraic number theory using Ram
Murty’s book[Mu| under the guidance of my advisor Fernando Gouvéa. I
will discuss my understanding of the material and some important theorems
in algebraic number theory in this section. Since January, I have been study-
ing Daniel Shanks’[Sh| paper on simplest cubic fields, which T will discuss
briefly in Section 3. Some of the theorems in the paper apply to cyclic cubic
fields in general, and I discuss them in Section 2, where I will also elaborate
on their proofs and some implications.

1.1 Number Fields

Now, to introduce the algebraic number fields, we need to define the algebraic
numbers and algebraic integers.

Definition 1.1. A number o € C is called an algebraic number if « is the
root of a polynomial f(z) = a,x"+ - - -+ ag such that ay, . .., a,, not all zero,
are in Z. The degree of « is the smallest degree of such polynomials.

Definition 1.2. If « is the root of a monic polynomial with coefficients in
Z, we say that a is an algebraic integer.

The algebraic numbers form a field. It is still countable, but it is much
larger than the rationals. In fact, the field of all algebraic numbers Q, called
the algebraic closure of Q C C, has an infinite degree over Q. The algebraic
integers in Q are exactly Z, so the algebraic integers are indeed a generaliza-
tion of the integers. The algebraic integers form a subring of Q. Now we will
look at the finite extensions of Q, also known as algebraic number fields.



Theorem 1.3. If a is an algebraic number with degree n, then

Q) = {f(@) : f(x) € Q[z]}
forms a field. It is called an algebraic number field of degree n over Q.

We should note that for any two number fields K C L, we can find many
0 € L such that L = K (). Consequently, every extension of Q in Q of finite
degree can be written in the form Q(«). Also, since a number field consists
of algebraic numbers, K C Q for any number field K.

Theorem 1.4. The algebraic integers in a number field K form a ring, often
denoted Op.

If v is an algebraic integer and K = Q(«), then Z[a] C Ok, but it is not
necessarily equal to Og.

Now that we have the concept of algebraic number fields, let us first look
at some of their properties.

Definition 1.5. We say that wy,ws, . ..,w, is an integral basis for a number
field K if w; € Ok for all i and O = w1 Z+weZ+- - -+w,Z and wy, wa, . .. ,w,
are linearly independent over Q.

There always exists an integral basis for any number field K, and this
allows us to define the (absolute) discriminant of a field. To do that, we need
to introduce the embeddings of K.

Definition 1.6. The embeddings are the injective homomorphisms from K
into Q.

Theorem 1.7. Let K = Q(0), and let 6,,...,0, € Q be the roots of the
minimal polynomial of 8. Then the field homomorphisms o; : K — Q(8;) C
QcCC fori=1,...,n, defined by 0;,(0) = 0;, are the embeddings of K into
Q.

The main content of the theorem is that o(0) = 0; always defines a field
homomorphism. Note that in the case where K is a Galois extension of Q,
the embeddings are just the automorphisms of K.

Definition 1.8. Let 01, 09, ..., 0, be the embeddings of K. If ay,as,...,a, €

K, then we define the discriminant of {ay, as, ..., a,} tobe dg g(as, az, ..., a,) =
[det(o(a;))]*. We define the discriminant of K to be dg = dx/g(wi,ws, . .., wy,) =
[det(oj(w;))]? where wy,ws, ..., w, is an integral basis of K.
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Theorem 1.9. For a number field K, the field discriminant dx does not
depend on the choice of integral basis.

Theorem 1.10. For any a1, as, ..., a, € K, dgg(ar,as,...,a,) € Q, and
the discriminant of the field dyx € Z.

Theorem 1.11. For any ai,as,...,a, € K, dgg(ar,as,...,a,) # 0 if and
only if a1, as, ..., a, are linearly independent over Q.

Proposition 1.12. Let aq,as,...,a, € Ok be linearly independent over Q.
Let N = a1 Z+asZ+ - - -+a,Z and m = [Ok : N|, then dxg(a, as, ..., a,) =
msz.

Now let us look at an easy example to demonstrate the properties of number
fields that we just discussed.

Example 1.13. Let K = Q(v/D) be a quadratic field where D is square-free.
Find its ring of integers O, integral basis, and field discriminant dg.

Let a = a+bvD € Q(v/D), where a,b € Q. If a € Ok, then there exists a
monic polynomial p(x) € Z[z] such that p(a) = 0. The minimal polynomial
of ain Q is

p(z) = 2° — 2ax + (a* — b°D).

We need 2a and a? —b*D in Z. It turns out to be true that in the case where
D =1 (mod 4), we can have a,b € Z or 2a, 2b both be odd integers, whereas
when D # 1 (mod 4), we have to have a,b € Z.

After some further computation we get, when D = 1 (mod 4), O =

Z [%ﬁ] The integral basis is {1, 1+‘/5}. Take the identity o; and the

2

homomorphism o5(v/D) = —+/D to be the two embeddings of K into C,
then the field discriminant is

1 1+\/§
2
1 1—vVD

drx =

When D # 1 (mod 4), Ox = Z[v/D]. The integral basis is {1,v/D}. Take
o1 and o9 in the previous case to be the two embeddings of K into C, then
the field discriminant is




1.2 1Ideal Factorization in Oy

Since number fields are extensions of Q, we want to explore the properties
that we study in Q, such as primality, divisibility and integrality. What
are the analogue of integers in Q(«)? The natural candidate would be the
algebraic integers. Unfortunately, the ring of algebraic integers of a number
field K does not always satisfy unique factorization. For instance, the ring
of integers of K = Q[v/=5] is Z[v/—5], but 21 € Ok can be written as
21 = 3-7 = (14+2v/-=5)(1 — 2¢/=5) where all the factors are irreducible and
do not differ by units.

In order for the Fundamental Theorem of Arithmetic to hold for some
objects in a number field, Dedekind formulated the concept of ideals.

First, we need to introduce the prime ideals, maximal ideals and ideal prod-
ucts. Prime ideals in the ring of integers share many important properties
with prime numbers in the integers.

Definition 1.14. An ideal p in a commutative ring R is called a prime ideal
if for any a,b e R,abep = acporbenp.

Definition 1.15. An ideal Z in a commutative ring R is called a maximal
ideal if for any ideal J such that Z C J C R, either 7 =7 or J = R.

It is worth noting that, to say that the quotient ring of a ideal is a domain
is equivalent to saying that the ideal is prime, and that the quotient ring of
a ideal is a field is equivalent to the ideal being maximal. Since every field
is a domain, this implies that every maximal ideal in R is prime. In fact, a
partial converse of this statement is true for the ring of integers. Namely, in
Ok, every non-zero prime ideal is maximal.

Definition 1.16. Given ideals Z and J of the ring R, their product is the
ideal generated by {ab:a € Z,b € J}. It is also an ideal of R.

It turns out that, in any number field K, ideals of Ok do behave like the
integers in Q in that they have unique prime factorization.

Theorem 1.17 (Unique Factorization of Ideals).
Let K be a number field. Then every nonzero ideal in Ok can be written
uniquely as a product of prime ideals.

One crucial question this generates is the following: suppose p € Z is a
prime number, so that pZ is a prime ideal in Z. We expect that if we move to



Of the ideal pOg will now factor, but how? The next few theorems provide
partial answers.

Definition 1.18. The norm of an ideal Z in O is the index of the ideal in
Ok, [Ok : Z], i.e. the order of Ok/T.

By the Unique Factorization of Ideals, we can write pOx = p{' -+ pg’,
where pq,---,p, are distinct prime ideals in Og. They have the following

property.

Proposition 1.19. If pOg = p{* -+ pg’, then the norm of the prime ideals

9
are N(p;) = p’i for some integer fi, and Z eifi=n=[K:Q|.

=1

The integer e; is called the ramification index of p;, and if e; > 2 for some i,
then we say that p ramifies in K. The integer f; is called the residual degree
of p;. Since in Ok every non-zero prime ideal is maximal, p; is maximal and
Ok /pi is a field for all 4, with f; = [Ok/p; : F,).

For Galois extensions, we have even stronger properties of the ramification
indices and residual degrees. Notice that for o € Gal(K/Q), o(Z) is an
ideal for ideal Z, and for prime ideal p, o(p) is a prime ideal with the same
residual degree. In fact, the Galois group acts transitively on the set of prime
ideals dividing a rational prime p, so we get for any p; and p;, there exists
o € Gal(K/Q) such that o(p;) = p,;. This symmetry forces all the numbers
to be equal.

Proposition 1.20. Let K be a Galois extension of Q. Then the prime ideals

P1,...,pg are all conjugate. They have the same ramification index e and the
g

same residual degree f. Thus, Z eifi =K :Q] =efg.

=1

We will need a “relative” version of this notion of ramification indices and
residual degrees, so instead of looking at number fields as extensions over Q,
let us suppose we have a tower of Galois extensions Q C K C L, and pg,
p;, are the prime ideals over p in K and L. As before, we can ask for how
pi factors in Oy, i.e., for a decomposition of px O into prime ideals. We
define the relative e and f numbers as above. Since we are assuming Galois
extensions it makes sense to write ex/q, er/k, fx/0, fr/K, etc.



Proposition 1.21 (Multiplicativity of e and f). The ramification indices
and residual degrees multiply in towers, i.e. in the notations above,

erjo = er/kex/o and frio = fi/x fx/0-

The following theorem by Dedekind associates ramification with the dis-
criminant of K.

Theorem 1.22 (Dedekind).
A prime p ramifies in K if and only if p | di, where dk is the discriminant
of K.

In particular, only finitely many primes ramify in any given number field
K. We can define the radical of a positive integer.

Definition 1.23. The radical of a positive integer n is rad(n) = H p.

p|n,p prime

By definition, a prime p | n if and only if p | rad(n).

The following theorem gives an important connection between factoring
polynomials mod p and factoring ideals in number fields. This version of the
theorem is due to Dedekind, but it is better known as Kummer’s Theorem.

Theorem 1.24 (Dedekind).
Let p be a rational prime, and suppose there is a 0 € O such that K = Q(6)
and p 1 [Ok : Z[0]]. Let f(x) be the minimal polynomial of 6 in Z[z]. Suppose

f(@) = fi(x) fo(@) - - folx)™  (mod p),

where each fi(x) is irreducible in F,lx] and are all distinct. Then pO) =
pit - per where p; = (fi(0),p) are distinct prime ideals.

Remark 1.25. Unfortunately, it is not always possible to find a 6 so that
p1[Ok : Z[6]]. In that case we need to use p-adic methods.

Example 1.26 (Cyclotomic Fields). Now, as an example, let us look at the
cyclotomic fields and their properties. This will also be helpful when we
discuss the Kronecker-Weber Theorem in the next section.

Definition 1.27. A primitive nth root of unity is a number ¢, € C such
that ¢ =1 and (¢ # 1 for any 0 < a < n.



In other words, (,, generates the group p, = {z € C|z" = 1}. Notice that
(n is a root of ™ — 1, hence is an algebraic integer.

Definition 1.28. The nth cyclotomic field is Q((,), where (, is a primitive
nth root of unity.

If ¢ is Euler’s totient function, then [Q((,) : Q] = ¢(n).
Lemma 1.29. Let n = p® and K = Q((,). Then

pOK = <1 - <n>67
where e = [Q(¢,) : Q] = ¢(p*) = (p — 1)p*~!.

In situations like this, where f = g = 1 and the degree of extension is
contributed completely by the ramification index e, we say that p is totally
ramified in K. On the other hand, if n = p* then any prime [ # p is
unramified in Q(¢,). Also, the residual degree for the prime ideals dividing
to lis f = min{k|p* =1 (mod I)}.

Theorem 1.30. Let K = Q((,) be the nth cyclotomic field. Then its ring
of integers O is equal to Z[(,].

In particular, when n = p" is a prime power, the integral basis is given
by the set of primitive nth roots of unity. A straightforward but intricate
computation then allows us to compute the discriminant.

Theorem 1.31. The discriminant of K = Q((,) is given by
60
[T, P/

This theorem gives us the following corollary that will be useful when we
later study the relationship between the field discriminant and the conductor.

dy = (_1)¢(n)/2

Corollary 1.32. For K = Q((,,) and an arbitrary primel, | | dx <= 1| n.

The field extension Q(¢,)/Q is called a cyclotomic extension. Every cyclo-
tomic extension is Galois with an abelian Galois group, and the Galois group
is cyclic when n is an odd prime power. Furthermore, any intermediate ex-
tension in a cyclotomic extension is also Galois and abelian. The converse is
stated by the Kronecker-Weber Theorem (Theorem 2.3).
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Theorem 1.33. Let 0 € Gal(Q((,)/Q). Then we have o((,) = (% for some
a € (Z/nZ)*. This defines an isomorphism between the Galois group of the
nth cyclotomic field and (Z/nZ)*.

This isomorphism is called the cyclotomic character. In particular, we have

Corollary 1.34. If n = p® where p is an odd prime, then the Galois group
of Q(¢,) is cyclic.

1.3 Ideal Class Group

The ideal class group is a measure of the failure of unique factorization in
the ring of integers of a number field K. In order to define the ideal class
group in a more general setting, we first introduce the fractional ideals.

Definition 1.35. A fractional ideal Z of O is a Og-submodule of K such
that there exists a nonzero integer m with mZ C Ok.

It is worth noting that if Ok is a Principal Ideal Domain, then since for
any ideal Z in Ok, we can write Z = p;y---p; where py,...,p; are prime
ideals, for some m € Ok, (m) = (p1)--- (p:) and m = up; - - - p; where u is
a unit and p;’s are rational primes. Therefore, in this case, we get that Ok
is a Unique Factorization Domain. Of course, this is also indicated by the
relationship of domains at the beginning of this paper.

Note that any ideal in Ok is a fractional ideal. The relationship between
integral ideals and fractional ideals of Ok is similar to the one between
integers and rational numbers, further advancing the theory of using ideals
to study integrality in number fields. Like in Q, we can define the inverse of
a integral ideal a.

Definition 1.36. Let a = pi'---pS* be an integral ideal. Then we define
at =p;7-oper, where py ' = {z € K | 2p; C Ok}

Any fractional ideal can be written as the quotient of two integral ideals,
T = . Consequently, any fractional ideal can be written in the form

€1 e

p [N n
]il ]j
ql... m

The set of fractional ideals then becomes a commutative group under mul-
tiplication with identity O



Now we define an equivalence relation ~ on the fractional ideals in K: Let
A, B be two fractional ideals in K. Then A ~ B if and only A = («)B with
a € K*. Thus, in the case of a Principal Ideal Domain, any two ideals are
equivalent. We get the intuition that the principal ideals are the identity
elements in the equivalence relationship.

We can define the product of two equivalence classes Z, J as the equiva-
lence class of AB where A, B are representatives of Z, J respectively. The
equivalence classes of ~ then form a multiplicative group under this oper-
ation, of which the equivalence class containing the principal ideals is the
identity element.

Definition 1.37. The group of equivalence classes of ~ is called the ideal
class group of K.

Equivalently, we can obtain the ideal class group of K, denoted C, by
taking the quotient of the fractional ideals by the subgroup of principal ide-
als. Looking back at our observation earlier about Principal Ideal Domains,
then it is not surprising that the ideal class group of a PID is trivial. This
accurately describes the fact that PID’s do not fail at unique factorization.

Moreover, it follows from the definition of fractional ideals that every equiv-
alence class in the ideal class group has an integral ideal representative. Thus
we can just consider the integral representatives when we study the ideal class
group.

The main result about the ideal class group is:

Theorem 1.38. The ideal class group of every number field is finite.

This theorem allows us to define the class number. It describes how badly
unique factorization fails in a certain number field.

Definition 1.39. The class number of a number field K is the order of its
ideal class group.

The class number is an important property of a number field, as well as
an elusive one to the number theorists, compared to the discriminant, for
instance. Even for real quadratic fields, we know very little about the class
number. For cubic fields, we have very limited results. Thus, in section 2
and 3, the main objective is to study the class number for a simple subset of
cubic fields, the cyclic cubic fields.
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1.4 Units

Let K be a number field, and Ok its ring of integers. A wnit in Ok is
an invertible element of Q. It is not hard to see that the units form a
multiplicative subgroup of K*, called the unit group of K.

Definition 1.40. a € Ok is called a root of unity if there exists m € Z,
m # 0, such that o™ = 1.

The following theorem describes the structure of the unit group of a number

field.

Theorem 1.41 (Dirichlet’s Unit Theorem). Let U be the unit group of K.
Let n = [K : Q] and write n = 1 + 2ry, where r1 and 2ry are the number
of real and nonreal embeddings of K in C. Then there exists a set of units
{€1,..., €6}, wherer = ri+ry—1, such that every unit € € Uy can be written
uniquely in the form

€= (et

where ny,...,n,. € Z, and ¢ 1s a root of unity in O. In other words, if Wi
1s the subgroup of Uk that contains all the roots of unity, then Wy is finite
and cyclic, and U = Wy X 7.

The units, €1, ..., €. in the Unit Theorem are called the fundamental units.
Observe that Q, with r; = 1,7y = 0, and the imaginary quadratic fields, with
r1 = 0,7y = 1, are the only number fields with finitely many units.

The existence of fundamental units encourages mathematicians to find a
set of fundamental units for each number field. Since the free part of the
unit group is isomorphic to Z" we can take the logarithm and get a lattice.
The regulator measures the covolume of that lattice.

Definition 1.42. Let €y, ..., ¢, be a system of fundamental units of a number
field K, and r = r; + ro — 1, where 71,7y are the numbers of real and no-
real embeddings respectively. Define the homomorphism [; : Ux — R™,
1 <1 < r as the following:

L (u) log|oi(u)] 1<i<mr
i\u) = .
log|o;(u)]* m+1<i<r,
where o; is the ith embedding. Then the regulator of K is Ry = | det(l;(e;); ;=1)|-

We will revisit the regulator in the next section when we use it to find the
class number of number fields through the class number formula, which we
will not discuss in detail in this paper.
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2 Cyclic Cubic Fields

Quadratic fields have been studied extensively, as shown by Example 1.13
in Section 1, so the next interesting degree fields are the cubic fields. The
“nicest” cubic fields are the ones that are Galois extensions of Q. They are
called the cyclic cubic fields and their Galois groups are isomorphic to Cj,
the cyclic group of order 3.

Cyclic cubic fields are totally real fields, i.e. all three roots of the minimal
polynomial are real. That is because there is always one real root, and it
must generate the splitting field. Thus, r1 = 3,79 = 0 in the definition of
fundamental units (Theorem 1.41), and the group of units has rank two (and
the only roots of unity are +1). Here we mention a theorem from [Cu] that
is useful for determining whether a pair of units in a totally real cubic field
are fundamental units.

Definition 2.1. If « is in a totally real cubic field F', we let «, o/, o’ be the
conjugates of a. Then T'(a) = trace(a?) = o? + o + o™

Theorem 2.2 (Cusick). If T(ey) > 27/5T (1), then €1, €y are a pair of fun-
damental units.

If not, but T'(e3) > 12, then either €1, €y are a pair of fundamental units or
there exists

i) a unitn = 61/265/2 such that T(n) < (2T (e165))2 or

i) a unit n = ef/ge;/?’ such that T(n) < (4T(e3e5))3.

2.1 Kronecker-Weber Theorem

Theorem 2.3 (Kronecker-Weber). If K/Q is a normal extension with Abelian
Galois group, then K is contained in a suitable cyclotomic field Q(()-

This theorem implies that, if we take K = U,,>3Q(() we get a big Galois
extension containing all abelian number fields. The proof of this theorem is
beyond the scope of this paper. Some good references for the proof are [Nal,
[Ri], and [Wa]. The Kronecker-Weber Theorem allows us to introduce the
concept of a conductor.

Definition 2.4. Let K be a normal abelian extension of Q, then the con-
ductor of K is the least integer f such that K C Q((y).

We will now prove the following property of the conductor.

12



Proposition 2.5. Let K be an abelian number field and p a prime. Then
p | dk if and only if p | f, where f is the conductor of K.

Proof. “=": 1f p | dk, then by Dedekind’s Theorem (Theorem 1.22), p ram-
ifies in K, and since K C Q((s), p ramifies in Q((r). Again, by Dedekind’s
Theorem, p | dg(,), and since rad(dg(,)) = rad(f), p | f.

Q(¢r)

K@<<m>/ \

“«<": Suppose p | f but p { dx. Then p ramifies in Q(¢;) but does not
ramify in K. Thus the ramification index eg/q(p) = 1 for any prime ideal
p in K such that pZ C p. We can write f = p®m, where a > 1 and p { m.
Let N = [KQ((n) : Q(¢n)], and p be any prime ideal in Q((,,) such that
pZ C p. By multiplicativity of ramification indices we have

eq(cs)/a(l — Cpe)
= €Q(¢;)/Q¢pa) (1 = Gpa)eq,e)/(l — (pa)
= eq(ea) /a1 — Gpa)d(m).

Since Q((y) is a Galois extension over Q,

e/l — Gpe)
= eq¢)/e(P)
= €Q(¢y)/KQem) (P)era(cm)/x(P)ero(p)

= €Q(¢s)/KQ(Gm) " 11
= o(p").

Therefore,
P(p") = eais)/aP)

13



€Q(¢s)/KQGm) (P)

< [Q(¢r) - KQ(Gn)]
= [Q(¢r) - QUGm)I/N
= o(f)/p(m)N
= o(p")/N.
Thus N = 1 and K C Q(Gn) C Q(¢f), contradicting the definition of the
conductor f. O

2.2 The Even Rank Theorem

The Galois action of C3 on the ideals of a cyclic cubic field K/Q allows us
to obtain results on the class group.

Lemma 2.6. For any ideal a € Ok, [[,cqux o) o(a) is principal.

Proof. ac(a)o?(a) = N(a)Z, and the ideal generated by the norm is principal.
[

Theorem 2.7. Suppose K/Q is a cyclic cubic field and a is an ideal in Ok.
Denote by o a generator of the Galois group. Let C' be the cyclic subgroup
of the class group generated by the class of a, and let o(a) and o*(a) be the
conjugates of a. Then either

i) [a], [o(a)] and [o*(a)] all belong to C,
or

i) Neither [o(a)] nor [0%(a)] belongs to C. (In particular, [a], [o(a)] and
[02(a)] are all distinct.)

If m denotes the order of [a] and the first case holds then m cannot be
divisible by any prime p = 2 (mod 3).

Proof. 1f o(a) = (z)a, then 0%(a) = (o(z))o(a) = (zo(z))a.Thus a, o(a) and
0?(a) are all in the same class.

Suppose thzt [0(a)] ¢ ([a]), and [0%(a)] € ([a]). Then [0?(a)] = [a]* for
some integer k.

By Lemma 2.6, [a][o(a)][0?(a)] =1, so



contradictory to our assumption that [o(a)] ¢ ([a]).

Therefore, either all the conjugates are in the same cyclic subgroup, or all
of them are in different classes.

In the first case, i.e. when the conjugates belong to the same cyclic sub-
group, if [o(a)] = [a”], then [02(a)] = [a*]. Since the product of all the
conjugates is principal by Lemma 2.6, 1 + x + 2> = 0 (mod m). Thus

44+4r+42° =0 (mod m)

— 1 +4r+42° = -3 (mod m)
— (2z+1)>= -3 (mod p), for all p|m.

Therefore, p = 3 or p = 1(3). So if m is divisible by any prime p = 2
(mod 3), then the conjugates must be in different classes. O

Since the class group is a finite abelian group, it can be written as a product
of finitely many cyclic groups of prime-power order, and this decomposition
is unique up to permutation.[Go, 73]

Definition 2.8. The p-rank of an abelian group is the minimum number of
p"-cyclic factors.

The p™-rank of an abelian group, 7pe;, is the minimum number of cyclic
factors of order p™, m > n.

Suppose m = [[, p;", then the m-rank of an abelian group is 7, = min{rye; }.

Theorem 2.9. If m is divisible only by primes p = 2 (mod 3), and K is a
cyclic cubic field, then the m-rank of the class group of K is even.

Proof. For p = 2 (mod 3), if the p-Sylow subgroup is written as the direct
product of cyclic subgroups:

[TicEHr.
n=1
then the p-rank is
=3 s
m=1
The p™-rank is
Tpn =1(n) = Z Sm.-



Let

Then the number of elements M,, of order < p™ is

Mn = n_lpnr(n)
— Pnilpnr(n+1)+nsn
= Pnflpnsnp

— Pnpnr(n+1)7

nr(n+1)

so the number of elements of order exactly p” is

Mn - Mn—l = Pn—lpnr(n) - Pn—lp(n_l)r(n)

= Py pn ) () ).

By Lemma 2.7, since m is divisible by primes p = 2 (mod 3), the second
case holds, i.e., for any ideal a € Ok, a and its conjugates are all in different
classes. Since the conjugates have the same order, M, — M,,_1, the number
of elements of order p”, is divisible by 3.

We have 3 1 P,_1p" "™ 50 p"™ =1 (mod 3). Since p =2 (mod 3), the
p*-rank r(n) is even for all n.

Suppose m = [[. pj*, then r,, = min{r,e } is also even. ]

2.3 Primes of the Form A2 + 352

Lemma 2.10. p=1 (mod 3) = p = A? + 3B? for some integers A and
B.

Proof. Let K be the field Q(v/—3), and Ox C Q(v/—3) be the ring of alge-
braic integers in K. We know that

@K:Z[—HTV—W],

Let p be a prime in Z. Suppose p # 2, so that p { [Ok : Z[v/=3]]. The
minimal polynomial f(x) of /=3 is 2 + 3.
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We have that f(x) is irreducible mod p if p = 2 (mod 3), since if f(x) were
reducible then it has roots and —3 is a square mod p. If p =1 (mod 3) and
flz)=2*+3=(x+1i)(x —1i) (mod p) where i € Z, then > = —3 (mod p),
and (z + 1), (x — ¢) are irreducible mod p.

Thus, by Theorem 1.24,

pOr = P12,

where pq, po are prime ideals.
Since Ok is a PID, (p) = (m)(ma), where m € p; and m € py, and

—14++-3
p=mmy. Let w= +T Then

p = (a+bw)(a— ),
e :

where a,b € Z. We also have w* = — and w? =1, so w,w? w? are

all units.

Now let us look at three different cases.
Case I: b is even.

Since b is even,

a+bw:( —g>+g\/—_3€Z[\/—_3].
N

Then the norm of a + bw is N(a + bw) = x? + 3y?* for some z,y € Z.

N(p) = N(a+ bw)N(a — bw)
p* = (2® + 3y*)N(a — bw)

Thus p = 2* 4+ 3y? for z,y € Z.

Case II: b is odd, a is even.
Since a is even,

W (a + bw) = aw? + b= (—g + b) - g\/—s e Z[vV=3l.
Then the norm of aw? + b is N(aw? + b) = 2% + 3y? for some z,y € Z.
N(pw?) = N(aw? + b)N(a — bw)

17



p* 1= (2% 4+ 3y*)N(a — bw)
Thus p = 2% + 3y for z,y € Z.
Case III: b is odd, a is odd.
Since a, b are both odd,

—= b - b /=3 e Ziv=3).

w(a+bw) = aw + bw? =

Then the norm of aw + bw? is N(a + bw) = x* + 3y? for some z,y € Z.

N(pw) = N(aw + bw®)N(a — bw)
p* 1= (2% 4+ 3y*)N(a — bw)

Thus p = 2? 4 3y? for z,y € Z.
Therefore, p is in the form of A? + 3B2. O

Theorem 2.11. An integer n is of the form A?> +3B* A,B € Z,(A,B) =
1, if and only if all its prime divisors with an odd power are of the form
A2+ 3B? A, B e Z.

Proof. “ < 7: Suppose n = D?[], p;, and p; = af + 3b7 for all 7. Since
(a® + 3b%)(c® + 3d*) = a*c* + 9W*d* + 3a*d® + 3b*c® = (ac + 3bd)* + 3(ad — be)?,

the product of p;’s is also in the form A? + 3B? so n = D?*(A? 4+ 3B?) =
(AD)* + 3(BD)>.

“=": Suppose prime p divides n. By quadratic reciprocity, either p divides
=) =1.

p

By quadratic reciprocity, <_73) (3) Thus, p = 1(3). By Lemma 2.10, p is
of the form A%+ 3B% A, B € Z. ]

n an even number of times, or

/N

[iS]

The theorem in the last section can then be interpreted as: “the class num-
ber of a cyclic cubic field is an integer of the form A% + 3B2”. This result
was also proved by Hasse using the Kronecker-Weber theorem to relate the
class groups of K and Q((y).
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3 Simplest Cubic Fields

To further study the properties of cubic fields, we have to restrict ourselves
to a “simple” subset of the cyclic cubic fields, namely those generated by
f(z) = 2® —ax® — (a + 3)z — 1 where a € Z, called the simplest cubic fields
by Daniel Shanks[Sh]. Assuming that a® 4+ 3a + 9 is prime, the splitting field
K of this cubic equation has discriminant

dxg = (a® +3a +9)?

The simplest cubic fields normal extensions of @, and all unramified primes
either split completely in the fields or do not split at all since the Galois group
is cyclic and if one root is in K then all roots are in K. Furthermore, there
are two fundamental units, since they are totally real fields and have three
real embeddings and no non-real embedding.

Observe that (—3—a)?+3(—3—a)+9 = a®>+3a+9, so v/dk is symmetric over
a = —3/2. Therefore, we only need to study the values of @ > —1. Shanks[Sh,
4] has a table of the first 100 values of a, primes P, and corresponding class
numbers. The class numbers are computed using the analytic class number
formula[Sh, 3].

Let p be a root of f. Then one may verify that the three roots of f are

-1 -1

=, = —— and p3 = .
P1L=pP, P2 1+ P3 1+ s

Since p(p* —ap —a —3) =1, pis a unit of K. Similarly, py is a unit, so

p+1= — is also a unit. We now verify that p and p + 1 are in fact a pair
P2
of fundamental units using Cusick’s criterion (Theorem 2.2).

First, let ¢ = p and e = p + 1. Then the conjugates of ¢, are ¢, = p,

1 1
and €] = — S L

1+¢€ p

1 O+pP
(I+p)? p?
P4+ P+ (A +p)!
a (14 p)2p? '

T(er) = p* +

Similarly, the conjugates of €5 are e = 1+ p, €, = —
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1 2
— = — —i—p. Thus
1+ € I+p

(2+p)°
2+p)? (A+p)?
(1+p)'2+p?+ 1 +p)"+2+p>(1+p)?
(L+p)%(2+p)? '

T(e) = (14 p)*+

Then
T(e2) _ p?l(1+p)'24p)* +(1+p)" + (24 p)*(1 + p)?]
T(e) 2+ p)lp" (1 +p)* + p* + (1 + p)Y] '
. T(€1) 7 .
By computation, for a > —1, > 26. Therefore, ¢, and €, are a pair of

~

(€2)
fundamental units.
We can now determine the regulator of K. Our fundamental units are p

and 1 + p, and our embeddings are g, : p — p and o9 : p —> ﬁlp. The
regulator
log|p| log |1+ pl
Ry = det _
K <log Flp log T-%p

= log’ |p| —log|p|log |1 + p| +log® |1 + p].

One may compute the regulator explicitly by finding the trigonometric
solution of f(x) = 0. First, in the polynomial 23 — ax?® — (a + 3)z — 1,

2
substitute r = y + %’ and then y = g\/a2 +3a+9z. Let z = cos#, then
216
after simplifying and scaling by - we get:

2a+ 3

2v/a2+3a+9’

3 1
in3f = -—vV34/ ——m—.
St 2\/_ a?4+3a+9

cos30 = —

Now we can solve for 6:

0= garctan a3
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Then substitute back to find z, the root of 3 — ax® — (a + 3)x — 1, denoted
p here.

1
p= §(2ﬁ0089 +a),

which allows us to compute Rg. Shanks[Sh, 3] uses power series to get an
approximation to Ry, which he then combines with the class number formula
to compute the class numbers. He remarks that the class numbers are smaller
than expected, considering the large field discriminants. For more recent
work on the class number, one can read the Cohen-Lenstra Heuristics[CLJ.
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